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CONSTRUCTION OF NEWCOMB OPERATORS
ON A DIGITAL COMPUTER'®

by

3 a FS
1.G. Izsak,2 J.M. Gerard, R. Efimba, and M.P. Barnett

Introduction

The first and most obvious application of modern electronic com-
puters to problems of celestial mechanics was straightforward numer-
ical integration of the equations of motion. Orbit determination, dif-
ferential orbit improvement, computation of special perturbations or
of general perturoations from given literal expressions are today car-
ried out routinely at many computing centers, especially in connec-
tion with space research. A further, highly desirable, step toward
.automation of practical celestial mechanics would consist in developing
computer programs that could produce the literal expressions for gen-
eral perturbations. ’

It is well known that the algebra of any serious perturbation theory
is formidable. Our present knowledge of motions in the solar system is
still based largely on the planetary and lunar theories that were prod-
ucts of the exceptioral capabilities of Lieverrier, Delaunay, Hansen,
Newcomb, Hill, and Brown. ln the noi very far future such analytical
theories will certainiy have to be improved. The only promising way
.of doing this is by progress in technology.

The analytical development of the disturbing (or perturbative) func-
tion is clearly the beginning of the construction of a general perturba-
tion theory Indeed, the derivation of the first-order perturbations
either in orbital elements or in coordinates amounts to liittle more than

" This work was supported in part by grant number NsG 87/60 from the
National Aeronautics and Space Administration. '

“ Research and Analyeis Division, Smithsonian Astrophysical Observ-
atory, Cambridge, Massachusetts. ’

® Cooperative Computing Laboratory, Massachusetts Institute of Tech-
nology, Cambridge, Massachusetis.



that. Therefore in a joint project between the Cooperative Computing
Laboratory of the Massachusetts Institute of Technology and the Smith-
sonian Astrophysical Observatcry we have recently investigated the
possibility of using a digitai computer for the complex algebraic ma-
nipulations that lead to the analv.ical development of the planetary dis-
turbing function. Discussions soon sliowed the need for a simple
formulation of the problem that could be coded in programming lan-
guages now available. Accordingly, in part 1 of this report, we have
written a brief exposition of the development of the planetary disturbing
function that was adopted, based on the use of Newcomb cperators.
Part 2 deals with a generalization of Newcomb operators that are in-_
troduced here in connection with the problem of near commensura-
bilities in the restricted problem of three bodies. Part 3 describes the
program that was used on the IBM 709 of the Cooperative Corputing
Laboratory to produce Newcombh operators relating to the mean anoma:ly
of the inner planet up to the 12th degree in the oruital eccentricity.
Part 4 presents the results in polynomial form obtained by means of a
photocomposition technique. The material for the first two parts of
this report was prepared at the SAO; for the third and fourth,at MIT.

1. The analytical development of the planetary disturbing function

The differential equations for the p:rturbations in the orbital ele-
ments or in the coordinates of a planet :ontain the partial derivatives
of the disturbing function

1
2

R=Gm {‘r® +1r'? _2rr' cos $) 2-rr' 2 cos ¢},

where G is the universal constant of gravitation; m' is the mass of the
perturbing planet and r' its radius vector; r is the radius vector of the
perturbed planet; and ¢ stands for the angular distance between the
planets as seen from the Sun. The first term in this expression is
called the principal, the second the indirect (or complementa:y) part
of the disturbing function. Because the latter is not symmetrical in r
and r’' , one distinguishes two cases, according as the outer or inner
planet is the perturbing body. Quantities pertaining to the inner and
outer planet will be indicated by the subscripts 1 and 2. Then the dis-
turbing function for the perturbatiohs of an inner planet by an outer one
appears in the form '

-1
> -

_ _ 2 2 2
R—Gma{(rl-'la-Zrlrzcos@) -rT, cos 3} ,



and the disturbing function for the perturbations of an ov.er planet by an
inner one is

(AT

3 3 - -
R:Gml{(rr«rrz -2r;rpcosd) Z-r,r;2cost }.

The integration of the cquaiions of motion by some method of suc-
cessive approximations is made pos~ible by the development of the dis-
turbing function into a inultiple Fourier series, the arguments of which
are linear combinations of the angulir orbital elements. Methods for
the approximatc integration will not be discussed here, but it is expe-
disnt to note that the question of the most appropriate perturbation
method in a particular case is far from being closed. It happens too
- often that the most elegant methods are not used because of practical
difficuliies, and methods actually used in practic: are not satisfactory
from & theoreticai point of view.

The literature of the analytical development of the planetary dis-
turbing function is very extensive; suffice it to refer to the works of
Leverrier (1855), Tisserand (1880), Boquet (1889}, Newcomb (1895),
Poincaré (1907), von Zeipel (1912, 1913), Plummer (1918), Andoyer
(1923) and Sharaf (1955). We carry out the development in question
conveniently in two steps. First the orbits of the planeis are consid-
ered to be circular. In the second step we generate from the resulting
development the complicated terms that account for the eccentricities
of the orbits by means of the Newcomb operators.

For circular orbits the disturbing function is

: . 1
Ro=Grr\-,,a;1{(l+cva-20rcos‘t‘)-5-otcos‘f}, ifa <a' {1)
and
- L.
Ro = Gmyaz’ {{l +o? -2acos¥) 2-0 2cos¥}, ifa>a' (2)

with o = alaz_l <] and cos Y = cos \; cOs A\ + sin}; sin)y cosJ , where
M = w +M; and \o = wy; + M, are the mean longitudes of the planets
reckoned from the ascetiding node of the inner orbit on the outer one,

and J is the mutual inclination of the orbital planes. Using the notation:

J J
¢=lel2, CD=)\1 ">\2n LB:COSz';. \’=Slna§‘

we can write

- cos Y = wcos y+vcosog . : {3)



In the domain of interest R; is a regular analytic function of the
variables a;, az, J, ¥, o, periodic and even in the arguments y, o,
and therefore representable by a double Fourier series of the form

' 2] ‘ Vco . o o
= 2 cos ki ke
R =B_ ZBko osky + ZZBolcos Lo » 42 ZBkzcos kycos Lo, (4)
‘ 1 1 1 1 )

It is advantageous to introduce the unimodular cemplex variables

E = exp iy, T = exp iz, whereupon Ro becomes the double Laurent-
series t
® ® ’ ’ : -
Ro = B, gk *1’2 with B, , =B (5)
0 ZZ ke> PY A NP
’ -® -® .

The coefficients in the Fourie expansion of the function

o )
I , i = ,

i~

(1 4+ -200cos¥)”

8 [>s
s[>

bear the name of Jaccbi. Then comparison of equations (1), (2), (5),
{o) and {3} gives« the following relations between the coefficients B

and bk£ ket
if a<a', B1,0=B_1,O=Gm2a£l (bx,g-%d)
- \ ,
By 1 =Bo,1 = Gmzaz' (bo,1 - EQ’) (7)
- -'1 . 3 -
and Bk, P Gmgag bk, B for all other indices ;
if a >, Bl’g’—'B_l,o:Gmla;l (bl,O -%0’-2)
- V-
Bo,1 = Bo, a1 = Gm, s (bo,) -z ?) : (8)
and Bk’ 4 c Gm,a_*’ bk, , for «1] other indices .

In the case 7 a small enough inclination J, that is for v <(1-0)°/4a,
the Jacobi coefficients can be developed into a power series of the
quantity v. To this end put cos¥= cos §y+ V(cos ¢ - cos ¥) and consider
the binomial expansion ' :



1 ' 1
(LvoP -2acos¥) #= {{1+~° -2acos ¥) - 2va(cosgp-cos ¢¥)} 2

o =1 . 1
= z 1:12" vn(Zcoscp-Zcos W)nzn(l +0? - 2acos ”--a--n
v o L 4~ - _
where , (9)
1r/xz - (-)P -1n/z) _

The coefficients in the Fourier expansion of the function

1 @ 1 . 1 1
0™(1+0P -2 cos ¥)"3 " "= b‘s““(a)g*‘=bz‘“+z§bE*“cos(hy)
h o h (10)
-0 . 1 ’
1 1
Yy 7,:0!1_; 5+n
with bh blhl

are called here the Laplace coefficients; note that on the left side of this
-equation the symbol % + n means an exponent, but on the right just an
upper index. As to the other trigonometric factor in equation (9), we
have

(2cos g- 2com )™ = (M4 - £- €71 = (1-gMN™ ™)™

n n .. . ..
- Z"a Z (_l)n'+1-3 (z:)(r;} g1~|-;-n,n1-_]
1=0 j=o

n n- I‘l { .

n n)_|t]|-n+aj 1 n+t 2 1
L ‘LL, o743 [} }‘ P an
l=-n| j=o0 _

Now the Jacobi coefficient b, , belongs to the term gk T]L in the double
Laurent series obtained upon substitution of the expansions (10) and (11)
into expression (9). Because bk.l, = blk"” per definition, it is suffi-
cient to deal with the case k, 2 2. Then the smailest value of
the index n for which a term will contain a particular factor 'ﬂ‘ isn= £,
Therefore putting n = £ +m one gets ‘



_ a m_ L4 '
b, = Z(-l) v, (@),
ms=0
where ' . (12)

L+l (2 ¢m\,, 5 +L+m

J m- 3’ kem-2aj

m———

The foregoing development of the Jacnbi coefficients converges
slowly, and becomes even meaningless for the perturbations of secveral
minor planets by Jupiter. Arother development, conceived by Lever-
rier, and elaborated by Tisserand, is valid for all values of the in-
clination J. 1Ir requires the computation of Laplace coefficients per-
taining to the uvpper index % , and the evaluation of certain polynomials
that are functions of the quantities p and v. Consider the expansion

| Lo 2 1
(140° -20cos¥)"3 = b +ZZb}fcos(w)- (13)

; Recalling equation (3). the trigonometric function cos(h¥)can be repre-
| sented by a finite sum of the form

h h h h
o _ ~h h h . h
cos(hYy) = Qoo * ZZQkO cos ky + 'ZZQ“ cos Lo + 4L Zkacos kycos Lop.
- ’ ’ 1

1

h
Here the coef fxcwn‘rs Q are polynomials in w and v, with the under-

./

standing that Q = 0, 1f h -(k + 2} is a negative or odd integer. Thus

substitution of this sum into expansion (13) yields the infinite series
b =b2+ZZQ3J 03 . for k=4 =0,
00
and (14)
- - 41,0-23 '2 . .
bkl Z kﬁzozj for all other indices.




. : . h
Remarkably simple explicit expressions c. the polynomials Q°~ (u, v}
and their derivatives with respect to J were found by Tisserand. He
has observed that the polynomials Rkhz(u., V) in the representation

h h ' h h
sin(h fl)Y_.nh ~Soh . < _h ' h
einy R *..Lnkocu“q'pcZ{noz\.osum'f‘}ZZRkLcoskj coslo
1

h . .
are of a more transpareut structure than the ka.. The identity

, _sin(h +1)Y ) sin(h- L)Y
ZcoshY) = sin ¥ sin Y

shows that , o
h h-2 '
= - , 15
2, = K, - Ry (15)
so that the evaluation of the polynorm.als Rk!, is equivalent to that of the

h e
ka ; clearly,

-h _ h-2 , -h _
Rep™ Ryy» while Q= Q};d,'
Moireover, the relation

_ h
4dd;<L/dJ=hs‘“'T_wj<,z+x ’Rk 2-1 Rku ) ‘&-l,z) (16)

is valid. Regarding the polynomials Rh ’ Tisserand has recognized
that they are expressible by the square of a hypergeometric polyno-
mial

B F S

where

j=ilh-(k+n]z0.

The development (5) of the disturbing function for circular orbits
with an arbitrary inclination being fully determined, we now proceed to
generate the terms that correspond to the orbital eccentricities. Let
us adopt the notations v;, vz and u; = w; + vy, ug = Wy + vy for the

-7 -



true anomalies and true lciigitudes of the two planets, and introduce
the complex variables

X; = expivy , Xz = expivy

v; = expiuyy , Vg T expiup

In connection with the mean anomalies and mean longitudes we will us .
the symbols '

L 29 exp iM; ., 23 = expiMg

1 = exp in ¢+ £2 = expilg

-Since € =(; /L and TN = {, {3, the development (5) can be written as

gl ke d ket -
Ro= 3T YTBy fariaa, BT | . -(18)

= Boo’z ZBko cos [k(ry - r2) ]+ ZIZBOLCOS [2{2; +22)]
1 1

+2 ZZBkz{cos Hkat)ny -(k-2)rz ] + cos[(k+&)ra -(k-2)\y ]} .
1 1

For elliptical orbits, R is obviously the same function of the variables
ry, ra, J, U1, Vs a8 Rp was found to be of the variables a;, az, J, 7,
2. In other terms,

if RQ,= f[apaz,JlCl:Ca] ’

then

R = f[r1, ra.J|U1.Uz]= f[al(rl/al)’az(rﬁlaa)'J|Cl(x1/z1)'gﬂ(xz/zz)]' (19)

AThe Fourier expansion of the radwus vector and of the so-called equation

of the center in terms of the mean anomaly are known from the theory
of Keplerian motien; in the complex form their first terms are

-8 -



.§= 1,%) and 32‘-= (1-€%+...5
- g--él-%a-+...)(z vz ) -f e-.523+ )z-(e-O.e3+ )z *
- -%i-...)(zg+;-3) _ +i-9—§a‘-...)z3 A -{38:-....)2-3
- (-?’T?-...)(zaiz-s)f... + g;—a- --)23 -'if'- ,~’2-3*

(An important feature of these expansions is that the coefficient of zJ
contains e'1! as a factor.) In order to obtain the general development

of the disturbing function one could use the ahove expansions directly

for substitution in equation (12). This, however, woull be an extremely
tedious task. Perfecting the techniques of his predecessors, Newcomb
has devised a symbolic method that achieves the required substitution in
a most appropriate way. It depends on the use of certain differential
operators, equivalent to ine analvtical expressions of the Hansen coef-
ficients. The original presentation of this method by Newcomb has since
been simplified on several occasions.

Before (lealing with our actual problem, we consider first a simple
example. G-'ven the above Fourier expansion of r/a, let us seek that of
. an arbitrary analytic function f[r] = f{a(r/a)]. The function r/a being
of the form '

r/a=1+g(le,z), with g(e,z)=0e),

we imagine f[r] to be developed into the Taylor series

| 2 i ‘i. 1 .
flail+g)) = Z?—,- g—:[—ia;‘-'-{g(e,z)}l .
[e) a

This expression is conveniently thought of as the differential operator

) lgle, 2} a &, | (20)
0 1! da1

acting upon the function f{al. In terms of the differential operator

D=a -ci-we have, by induction



3 i
a-L-p, aad =D(D-1), ... ,.~‘-‘-1—--D(n-1) (D-isl),
dal

so that the differential operator (20) appears in the form

i (gle, z)]‘{‘i)) .

We rearrange this symbolic series according to the posi‘ive and negative
- powers of the argument z, for the expansion of the function fLr] is re-
quired in the form of a Laurent scrias. The cozfficiants of z] will be
power series in e with polynomial coefficients in D , which are ob-
tained by putting D for n in the corresponding arrangement of the bi-
n~mial series

(z/a)" = {1 +gle, z) = i(x:) {g(e,z)}i
S A

2

= {1+§z;+na)-%-+...}
e 3 es 1
+ {(-n) = ¢+ (3n+n® -n®) — }(z +2 %) (21)
2 16
e -
+ {(- 3n0n)§-+ o (2R e 27R)
&2
- —_— (z24273 ..
+ {(~17n+9n® n)48+ o 2227y 4
For this reason, we write symbolically
D d |
f{r]=(r/a) f(a]l, where D= a= . (22)

This formula already gives a better insight into the structure of the ex-
pansion of the function f{r]. Its practical advantage results from the
circumsiance that the coefficients of the various powers of the eccen-
tricity in equation (21) can be constructed by using relatively ﬂlrnple
recurrence relations.

The generalization of formula (22) to the case of several variables
is immediate. For the development of the disturbing function we have

flry,r3, T v, v3)=(1,; /31)D1( l'a/aa)Da(xx /zx)Ds(xa/za)Dif[at 22,701,021

-10-



~ where Dy = a,3/3:3;, D3 = azd/daz, Ds = (13/3f1, D= £29/3¢. -

In analogy with equation (21), the expansion of the differential operator
ATy /a.l)Dl(xl /zl)Da will be of the form

[~} rd .
oy {TI | "Jf‘:mxlna)ei’“‘} 2z, (23)
ppedll Qe _ o | | v

the second summation comprising all indices m; , for which m; - |j1 | =
0,2,4,... . The coefficient ' '

| | ™D, |Ds) ,
21

.a polynomial in the symbols D,, Dy of degree m;, specified by the
indices j;, m;, is called a Newcomb operator relating to the inner
planet. Similarly relating to the outer planet we write

~(r=/az)D2(x=/zz>D‘ = Z{Z’IT”;‘:wz!m)e?‘}zga , (24)

-® mMna

where mj, - ]ja‘ =0,2,4,...

We consider next the eftect cf these Ne vcomb onerators on the dis-
turbing function (18) for circular orbits. The rule of differentiation

Dot s k)Y m=o0,1,2,..0)

- shows that the synibol Da can be replaced by k+£, that is in so far as a
particular term of R is concerned,

o]
TT"E“(D1 |Ds) = 'H"’f“ (Dy |ket)
J1 J1

Similarly,

) mgz, = ing o .
T1524palpa) =TT 52(Da | ket

Furthermore, Ro is homogeneous and of degree -1 in the variables a_,
a_, and so are the coefficients Bk"(a.1 »a_,J). Hence by Euler’s formula

-11-



we have

DxB = -B that is D3=-D1-1

ks * P2 By, ks’

Let us dencte the polynomial that becemes of

l I r;la (Dgl-k+l,) upon this substitution
2

mg - Mgy - _ -
- W(I“]-kd) = TT 2(-D 1]-ket) , (25)

and introduce the combined Newcomb operators

m; Mg - my . Mgy k. 2
T ‘D1|k'”f [T @ileen - T2 T 0ty (26

relating to both planets. For the result of applying these operators to
the functions B we write

ke

ml ma mj; mz
I | D, ik,2 B . 27
Jl. Jakl ( ll ) ( )

In order_ to utilize the expressione (7), or (8), we note that

DlthL = a;lnh(aznu), (h=0,1,2,...)

where D=ad/dw, and o= a;a;l .

Thus

if « <a',  Di'Bjo = Gmaas (Do - £ o) (28)

thBm = Gmaa;l(Dhbox - “;‘0')
" and Df’Bk .= Gmaaa'thbk , for all other indices;

if a >a', DlhBlo = Gmla;l(Dhblo 4-‘;1.(-?.)11'1 a-a) - (29)

DBy, = Gmyas  (DPbo; + v(-2)2 a2

=12-



h -1 _h ' L
and D, Bkz = Gmaz D bk!, _forvall other mdlees.

The derivatives on the right sides of these formulas are linear com-
binatione of the corresponding derivatives of Laplace coefficients,* as
shown both by equations (12) and (14).

Finally, if for the sake of brevity we put
c...,,=C cM™i™Ma M ™Ms 30)
jrizkt” Tejrs-ia. -k, -2 Z Z j Jakl ©1 "% 7 (
m; mg : '

then the general development of the planetary dieturbing function is the
quadruple Fourier series

e ZZZZ%QMCWM +jaMav{kefidy -<k"_)xa] : (31)

Here the coefficients contain
. .
520 lial 212l 2
el 62 81n >
as a factor, and the arguments can also be written in the form

(j1+kel)ry ¢ (ja-kd)la -Jay - jawa

Our problern has therefore been completely reduced to constructing

the combined operators
| | ™ Mz, |k,2)
1 Ja

for the relevant values of their arguments k and L. Newcomb himself
deemed it advisable to express the symbols (26) for fixed values of
£=0,1,2,... as polynomials in the arguments D; and k, and then sub-
stitute into these algebraic expressions the required values of k. Von
Zeipel pointed out, however, that this is much more difficult than to
construct only the constituent operators

* "An IBM 7090 computer program has been writien at SAC to evaluate

the Laplace coefficients and their Newcomb derivatives (Izsak and
Benima, 1963).

~13.



my mg
Tzj (D; |k) and janml k)

as polynomials in the arguments D, and k , substitute the required
numerical values of k¢t and -k+£ for k in the first and second operator,
and then multiply the poiynomials in the single variable D; so obtained.

He also digclosed the equivalence of the Newcomb operatorsnn}l(D; 'k)
to the analytical expressions of the Hansen coefficients, and h
established convenient recurrence relations tc construct them, which
Andoyer subsequently somewhat modified.

It is sufficient to treat the Operatorsﬂx}?(Dl |x), because upon sub-
stitution of -D; ~1 for D, and rearrangement according to powers of D;

they easily yizld the operators

ma ) ma
.||(D k)=||. -D; -1l1k
»le 1 Ja( 1 | %)

Let us define with Hansen the (real) coefficients X;l'k( e) by the ex-

pansion

u .
(r/a)nngzx;’sz, (n’k= O,tl,tz,.‘,.)
or what is the same thing, by -
X Xe, 2) = (r/2)%(x/ 2" =ZX’;;§Z’ - (32)

Considering them functions not only of the eccentricity e, but also of the
‘superscripts n and k, their expression in terms of the Newcomb opera-
tors is .immediately seen to be

n,k _ m m
Xl ‘ZTT jnlxe |
— .

The conjugates of the unimodular complex variables x and z being equal
to their reciprocais, we have the relation of symmetry

n.k - n. -k

jok © ok and consequently,

X

14~



m ' - m
TT Smis =TT Tl (33)

The recurrence relations of von Zeipel follow from the partial differ-
ential equation _ : ‘
3  n,k 3 ,n,k
- L ’ 1-e2)¥3,.5 » K
(1 e)eaex +(1l-e) zazx

2
= {k[1-(1-e3)¥3] +(k—n)-9-2- +(2k-n'ex ¢ (k-n) f—;_xa}}(n’k

satisfied by the functions (32}, the derivation of which will not be given
here. Eliminating the variable x by the substitution x = z(x/z) and de-
veloping into powers of e, we can write this differential equation as

' Z[ej—-o z—=a==} x™ k. 2.(21(-11)ez}(n’k'.'1 +(k-n)e?z? Xn'-k’a
(34)
+ 3 {(4k-n) 02e-ai+ 3z-—]x“ k_2 Z( /2(- e?) [k.z——}x“ «
: T2 '

To simplify indexing in the work with the recurrence relations we in-
troduce the alternate nctation

@™ o ’
X" e 2) = 7Y X000 (35)
PG
G 0 .
n,k p+a
that X k d .(36
so tha o o (nl ) an | [ (n1k) .- (36)
2
Since the polynomials X!;:]; possess the symmetry
xR xR : | (37)
p.C o, P

only those with p 2 g have to be determined. Now enter the series (35)
into the differential equation (34). Comparing the coefficients of cor-
responding terms, we obtain the recurrence relation

4an'l;' 2 2k-n )xn ke o (k- )xn ke+a
> Ok 3/2 (38)
+(5p g-4+4k-n)X - Z(p g+k) .
-&»CT- p T;G'T
T22

~15-



It is understood that in this equation the subscripts cannot take negative
values and therefore the number of terms on its right side is never more
than 2+min{p, o). Another recurrence relation results from (38) if we
interchange the indices p and g, rev.rse the sign of the argument k,

and make use of the property (37), namely :

40’Xn'k= -2(2k+n) Xn'k-i -(ken) Xn'lg-:
P, 0 P, 0 0 (39)
-{p- ) - .
{p-50+4+4k+n Xp?1 gt 2{ p-o+k) E (-1 , 0T, 6o

T2z

_ Jk . . 3
The construction of the poiynomials x" starts with setting ) G | ,

. . » O 0s>0
and continues in the order e )

n, k n .
! = k - —
. Xl’o > »

n,k , k
then x" ) _ x" )

2,0 1,1
then Xn’k_, Xn’k ,

3,0 . 3,1

J k
then x ko xmk X,
. 4,0 . 5,1 2,2 i

etc. Equation (38) is used to determine the polynomials in the first
column, and equation (39) ia a'l other cases.

The coefficients of these poiynomials are rational numbers. With
the polynomials

PRI S PEIC S (40)

P, e p, o

however, the work is confined to the realm of integer arithmetic. Their
recurrence relations follow at once from equations (38) and (39), and the
definition (40):

Ko (k- n) 75} kel (8-1)(k-n ) 3% k‘f, (41)
n,k n,k-1 n, k-3

z ~(2 - -1 2
I e = @R I - (0 Dien) 1 (42)
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h,

| n, k
-p(p- 5c+4+4k0n)J G- + plp- cok)z pd“T 0-T, g-1 "
TZ2

where cpo =(0-1)p-2)...{p-T+1) (0-1)(0-2)---(0-7*1)‘21. '

with ¢_=(-1) (3/2) 3T-1 _ 3,2, 3, b, 14, 36, 99, ..., (43)

the range of summation being T = 2, 3, ... , min{p, o)

Newcomb (1895) computed the operators relating to the inner and
outer planet up to the 8th degree in the eccentricities by a method of
his own. He also gave the algebraic expressions fur the combined
operators relating to both planets up to the 7th degree in the eccen-
tricities and 2nd degree in the inclination. Ir a recent work on the
theory of Pluto, Sharaf (195%} found several of Newcomb’ s 8th-degree
operators relating to the outer planet in error and corrected them.

The first few Newcornb operators pertaining to the mear. anomaly
of the inner planet are:

T—-g(le) =2k

zr'i(nlk) =12%. 2D
° .

8 g(le) = .rD’k = (5k+4k?®) - (3+4k)D + D?
2,0 .
- —2 , .
470(le)=3?'f=-4k2 +D 4+ D? {44
3 D,k 2 s 2 . .
48T T (DJK) = 7" % = (26ks30k?48%c%) - (17433ke12k)D + (946K)D* - D
D,k

15 (le) =3 "= ~{2k+10K? +8Kk3) + (3+5k+4k3)D +{1+2)D? - D®

384 :(D|k) o

:o = (206k+283k>+120k® 4+16k*) - (142+330k+192k?+32k>)D
+ (95+102k+24k?)D? - (18+ 8k)D® + D*

I:": = - (22c+64K® +60K> +16k%) + (22+47k+48k® +16k?)D
- (1-3k)D? - {6+4k)D® + D*

D,k

.= " (9k®-16k*) + 2D - (1+8k®)D® - 2D° + D* ... .

96 [ 5(pli = 7

64 :(le) =J

t4

Here we took the liberty of writing k for Newcomb’s - .
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2. Generalized Newcomb operators

The Newcomb operators, as usually understood, are connected
~with the development of the planetary disturbing function in terms of
- the Keplerian orbital elements. But nothing prevents us from con-
structing analogous differential operators when this development is
required in terms of some canonical variables. Such is the case in
many theoretical problems of celestial mechanics. As an example,
we choose the question of small divisors in the planetary restricted
problem of three bodies, the proper understanding of which is a first
~ step toward successful orbital theories for minor planets having mean
motions nearly commensurable with that of Jupiter.

Let the units of length, mass, and time be, respectively, the
mean distance of Jupiter, the mass of the Sun and 689.8817 ephemeris

>
mean ad

days. In these units the gravitational constant G becomes equai to 1,
and the mass and mean motion of Jupiter are_

1
my= 1/1047.355 and ng(l+mJ)§= 1.000477 radians.

The minor planet of negligible mass moves in the orbtital plane of
Jupiter, while the orbit <’ the latter is supposed to be circular. In
terms of the Delaunay variables

1 1
L=2a2, G=[ali-e?)]2, M, w (45)

the moticn of the minor planet is described by the canonical equations

1 ¢ K .- 2 "'.-3— -=- --.-
P-FM‘RM’G-Fw-Kw’M--}L-L RL,w FG RG (46)

associated with the Hamiitonian function

F=1/212 + R ,

and the develepment of the diaturbing function:

: 1
R=m3[(l+r3-2rcos§)-5-rcos§] (47)

is of the form ' '
R = ZZC}.}(L.G) cos (jMsk¥) , (48)

-18-



where ¢=7\-RJ , Lz s M, XJ=th

Needless to say, the quantity L 2 = a"¥2 = n in the third of equations
(46) is the {osculating) mean motion of the minor planet.

For m_ = 0, the Keplerian solutions to the differential system (46)
are simply

L= L(0), G=G(0), M=M(0)+n(0)t, w= w(0).

If m_ #0, but a small parameter, various perturbation methods can be
appiled to obtain approximate solutions. Asiionomical experience
shows that planetary perturbations have twe qualitatizcly dillerent com-
ponents. Observations made over a relatively short interval of time
reveal small, multiply periodic osciliations of the orbital elements.
Trese so-called short-periodic perturbations in turn are superposed

on smooth and sicady variations of the mean elements, reaching con-
siderable amounts in the course of centuries. It is the latter, long-
periodic and secular perturbations that cause serious mathematical
difficulties in orbital theories valid for very extended times. The fore-
going “definitions” are very difficult, if not impossible, to formulate
in a precise way; there is an almost continuous transition between the
perturbations of different kinds. In addition, the nature of the long-
"range perturbations may differ well from case to case, depending on

the initial conditions of the problem.

Indeed, let us assume that the rzatio of the mean motions of a minor
planet and of Jupiter is close to that of two small coprime integers, say

N 11 U | (49)
nJ p

ihen the most sizable long-range perturbations of the minor planet
will originate from those terms in the disturbing function (48) that have
indices '

j=-hq, k=h(p+«q), (h=0,%1,%£2,... ).

The corresponding arguments are

iM ¢ ky = (jek) M » k(w-th) = h8 ,
where '

= pM (p+q)(w—th) .

-19-



In the classical prncess of formal integration such terms give rise to
secular (h=0) and long-periodic (h #0) perturbations of the elements,
the latter being large because of the smail divisors h{pn-{p+gjnz], the
squares of which appear in the perturbations of the mean anornaly M.
The size of the long-perindic perturbations also depends on the rank q
ot the commensurability, because the coefficients ~; in the develop-
ment (48) contain elilas a factor, and |3| = \hlq in the critical terms.

This type of small-divisor prcblem is still chalienging ihe mathe-
matician and is of great interest to the astronomer, for it bears on the
structure of our solar system. While numerous minor plane. . have
mean motiors nearly commensurable with that of Jupiter, they seem to
shun certain regions of commensurability. The distribution of minor
planets according to their mean motions is thus conspicuously unever.
Similar conditions exist for some satellites of the major planets, and
also for the ring of Saturn. A detailed description of the prevailing
situation and ample references to the literature of the subject were

given recently in Hagihara's (1961) report.

Notwithstanding the inherent mathematical difficulties, we can gain
valuable insight into the nature of nearly commensurate motion as
fnrllows. By what is traditionally called the method of Delaunay (1860,
1867), in each particular case we consider only the critical terms of
the disturbing fanction, which therefore simplifies to

o

i=C°+ZZChcosh8, with C, = C (50)

- h -hq,h(p+q)’

It is quite plausible then that the solutions to the “averaged” dynamical
problem defined by equations (46) and F = 1/2L? 4+ R will exhibit the
essential properties of the long-range perturbations in the original
problem belonging to the complete disturbing function (48). In principle,
the integration of the averaged restricted problem of three bodies can
be reduced to quadratures. But this is not a practical procedure; one
preferably resorts to numerical integration, a device available in much
more complicated cases.

As to the justification of Dslaunay’ s method, generalized by Poin-
caré (1893) and von Zeipel (1916), we merely remark that since the
middle thirties and under slightly different circumstances it has re-
ceived special attention in the modern theory of nonlinear oscillations.
Let us refer to the work of Bogoliubov and Mitropolsky (1958). The
concern here is with the treatment of the canonical system (46).

=20~



Following Poincaré (1902) and Andoyer (1903) we perform two
simple canonical transformations. In order to eliminate the cxplicit
dependence on time of the Hamiltonian F, we introduce first the angu-

lar variable

X=w-n3yt ,
whereupon the system (46) becomes,

L=H, ., G=H_, =-H, . x=-Hg, - (5D
the new Hamil.ozian being

H=F¢nJG=1/2L3+nJG+R .

and . : (52)
o o
R = Z chk(L,G) cos [{j + k)M + kx] '
‘m® -c

Then H = const is the well-known integral of Jacobi in the restricted
problem of three bodies. + second canonical transformation

- (1.2yL .2 _
A—(1+q)l- 3 =M+ x
. p P (53)
Fr=-L+G B 0= ZM+(le)x ,
q (+q)x
with the inverse
L=A+BI' M=(1+£)ﬁ-9
' q q
p P (54)
G=A4+(1¢+ )T = - - 2]
(+q) X q¢+

makes the submultiple © = 8/q of the critical argument one of the angular
. variables and eliminates the inconvenience cf using the Delaunay vari-
able G for the description of moderately eccentric orbits.* The geo-
metrical meaning of the variables A and I' is easier to visualize if we
represent them in the form

* The special case p=0, q=1, although meaningless in relation to com-
mensurabilities, is important in the theory of general perturbations.
Note that (-2T')}¥2 sin @, (-21")1/2 cos © is also a pair of canonical ele-

ments.
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EY 1 ¢
A = az ’ r F—S— 02 —2- N . (55)
because the quantities '1
-5 .
o= A, ¢= (- Z’{-} ‘ (56)

are analogous to the conventional semimajor axis and eccentricity of an
ellipse. Really, comparison of the definitions (45), (54) and (55) yields
the relations :

, ‘ : 3
i, i -xo o]
a=oa(l-ne)?, (1-€°)2=1- , &= — , 157)
2(1 - ne?) 1.-ne®
3
where we put ® = =~ . The quantity v = @ 3 = A" = n(l-ne®)® is
analogous to the 4 conventional mean motion. Expanding the coef-

ficients C;, of the disturbing function in terms of the canonical elements
A, T is clearly eguivalent to that in terms of the auxiliary quantities «,
¢. We will show how the latter development can be carried out with the
use of generalized Newcomb operators. :

Now consider the averaged dynamical problem
A=Hy, T = Hg
where
' = 1 Pry3 P R
H=L(Ae 200 n a0 Br].R

and R was given by equation (50). Since the Hamiltonian H does not
depend on the angular variable ¥ , besides H = const, we have here the

‘integral A = const. Therefore it is sufficient to treat the reduced ca-

nonical system

=R 3 -~ [Py P ~R.:
F=R,, 6 [qn (1,q)nJ] Ry (58)

when this system has been solved, the function y(t) follows by inte-
grating the equation

¥=(n-n)) -R, . (59)

A detailed numerical investigation of the canonical system (58), {59) for

various cases of commensurabilities is planned at the 5A0.
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Our present problem is to produce the coefficients Cj in equation
{50) as power series of the auxiliary eccentricity ¢ . Once again we
tegin with the familiar development : :

1 (-]
Ro = mJ{(l ra? - 20cos¥) 2 -acos ¥} = ZBk(a)gk ,
1 -0
Bi(a) = B_ (@) = m [bZ(x) - ;2] ,
IR (60)
- = -
Bk(d) m, bk (a) for all other indices,

‘pertaining to circular orbits. By direct applicaition of the principles
elaborated in part 1, the symbolic development of ti: disturbing func-
tion (47) in terms of the variables o, ¢, z, € is

= i(r/a)D(x/z)kBkgk , wherc D = ad/da.

Anew we can set

(r/a) (/2" Z{Z'ﬂ'“’(nlk)e }z :

but the expressions of the Newccmb operators TT j (D|k) are different
from the former ones. In analogy with equations (35), we define poly-
nomial coefficients _ —, 0, lé. by the expansion '

. f—'\ k
(r/a)n(x/z) = Z \_-_II; 0301’0 P o . » (61)
Then )
‘__ ‘ﬂtk - p+C
o, - ot® nlk) ,

and the generalized Newcomb operators are

TTm D,k |
'ﬂ'j (Dlk) = | s mej (62)
- 2 2

It is altogether possitle to find recurrence relations satisfied by the
polynomials  — ,g:lé » 8imilar to, tut much more complicated than equa-
tions (38) and (39). An easier approach to their construction consists in
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the following. We assume that the polynomials Xg:l; relating to the
conventional eccentricity have already been obtained. The last of equa-
tions (57) defines e as an analytic function of the auxiliary eccentricity
e , and generates the coefficients az, \ in the power series

a elh’—))\
£, A

L=
e’ =)
e

E o (63)

o)

which are rational numbers depending on the adopted value of ». For
any exponent £ &0 we have

a!”°=1;~mo.reover ao’k=0. if x=12,... .
The identity :
[ ) ) hd .
Za et +2uza el,+2v - za C!M»l 20
1 b L,V - Ler, A
o o o '

furnishes the recurrence relations

A
S 64
Yo n T uz;oahpaz,)\-u ’ (64)

and the coefficients -

are known. So the equations

A

: - A-1
u=0a1, TR W (x-A/4)n

determine the coefficients

a .= ®/2 - 1/8 ,

a = 3x°/8 - 3m/l6 - 1/128 ,

a .= 5482 /16 - 1582 /64 - 51/256 - 1/1024 , |

a =35x*/128- 35x%/128-354%/1024-7%/2048 - 5/32768 , ...
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in succession, 2nd for £ 2 3 one can use the relations (64).

Having obtained the expansion (63) of ez into powers of ¢ , we
define the interrnediary polynomials §8 1; by the rearrangement

n k _ = n,k p+0 p-C
Ax/a)(x/2) _;;Xp,a[e(c)] z

ek [ peaeal| p-o _ T T .n, By B-v
) Z xo.c{zapw. A ¢ }z - }:Zg B,
o O 0 v o
which gives '
n, K .
Zaﬂo-Y 20\ g A y-d ()\=0,1,...‘,mm(ﬁ,y)). (65)

_On the other hand

(r/a)x/2)X = (a/e)™r/a)(x/2)"

and according to the first of equations (57) we can write

n _ an _ = T[2n| arT
(a/a) = (1-x6®) -g(-n) T)c

Thus the expansion (61) bocomes

(r/a)“(x?z)k = i ii(
. o] 0 [¢]

Zn) g‘n k ﬁwy#a'r (3 y

that is

r——wnk Z(_ ) ‘zn)gp gt ('r=0,l,...,‘min(p,o)). (66)

In conclusion, we summarize the formulas relating to the canonical
development of the disturbing function in the planetary restricted problem
of three bodies, and to the computation of the coefficients C; in partic-
ular. The complete disturbing function is

R = chji{cos ek )M o kex] . (52)

=® w®
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o _ m m o
with Cjk-zcjke , (rma-[jl=0,2,4,...),
: m
' m _ m

here the generalized Newcomb operators ﬂs-n(D |k) and the functions

By are defined by equations (62), (66), (65), and (60). Let the case of
near commensurability under consideration be characterized by the
condition (49). Then the critical part of the disturbing function is

R =C_+ ZZChcos hg®, {50}
1
where C.=C , and ©=EM +(1 + B)x
: h -hq, h(p+q) q q
Writing
m m .
ch_Zch € , {m-hq=0,24,...)
m
we have
C, = II | -nqPIb(pea)) B s (67)
and

m _™—D,h(p+q) _r—/ D, -h(p+q)

2 ' 2 2 2
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3. Programming methods

3.1. Introduction. -- As mentioned in the Introduction to this report,

an IBM 709 computer has been used to generate the polynomials JI,‘\' p
'.!

—n,
and,_~_.n. g that are defined in equations (40) and (61), for a range of

values of the indices p and ¢. This part of the report describes the
computer programs that were employed. These programs enabled the
computer to perform tedious algebra, albeit of a rather restricted na-
ture. It is certain t}xat'coméuters have been aprlied since their advent
to comparable algebraic problems that were of ~~acern in individual
scientific studies. These applicatiors have been rather few in number
and have had very scant reporting in the literature. Perhaps the ear-
liest was the use of EDSACI to generate representations oi formulas
for molecular integrals that were needed in sorme calculations of theo-
retical ¢chemist~ry (Bovs et al., 1956). Boys dealt with formulas that
were represented conveniently by arrays of numerical coefficients. Sev-
eral later algebraicapplications of computers, including thatdescribed
here, come into the same general category. Subroutines that manipulate
arrays of coefficients representing polynomials in one or more variables
have been coded in several laboratories. Increasing attention is now
being given to more symbolic processes. Demonstrations have been
given of the ability of various “symbol manipulating” programs to gen-
erate formulas in accordance with simple algorithms. Significant ap-
plications of such prograras 5 phyvsical problems have received little
menticn, however, in the scientific literature. The necd to manipulate
literal aigebraic and analytical expressions in theoretical chemical
studies has led one of us (M. P. B.) to the development of some formal-
isms and programs for symbol manipulation wnose application to mech-
anized algebra is now under investigation in the Cooperative Computing

Laboratory.

" The aspect of the Newcomb nperator work that we wish to stress
most is the utter simplicity of the programming techniques that were
used. It seems likely that programs of equal simplicity couid deal

with significant algebraic problems in other fields, for which this pos-
sibility has not yet been explored. Essentially, the Jr‘;’ g and r;,};

polynomials were represented in the computer by arrays of coefficients.
Trivial subroutines were coded to add, subtract, and multiply polyno-
mials in this representation. These basic subroutines were called by
further subroutines, which embodied the recurrence procedures defined
mathematically in the earlier parts of this report. The sequential na-
ture of mechanized computing requires the production of results in some
definite sequence. The sequence that is appropriate tc a particular



problem defines the over-all logical structure, that is the major loops
and branches, in the program used. The sequence in which it is con-

. n, k ~n,k . .
‘venient to generate the J, sand_ =, 4 ¢4 polynomials determines the
general structure of our programs. The recurrence formulas them-
selves determine simple sequences of coding that call the basic poly-

nomial manipulating subroutines.

h he, coefficients in the Jo' 5, = MK
The programs that generate the coeiiicients in the J, ., 0, 5

and other polynomials were coded in the FORTRAN II language. The
programs construct polynomials for values of ¢ and o such that o 2 g,
and p + o takes successive integer values from 0 to a limit provided in

n,

the input data. When the z 0,3 polynomials are constructed, the re-
levant values of ® must also be provided in the input. The precise for-
mat of the input is under the control of a very simple portion of the
program, which can be adapted to different operating circumstances
without affecting the subroutines that incorporate the mathematical
procedures. The output [ormat can also be adapted to different require-
ments by changing some output statements and output subroutines in a
simple manner. The internal representation of the polynomials is de-
scribed in part 3.2. Thte basic polynomial manipulating subroutines

are described in part 3.3. The higher-level subroutines that produce

n, k ~—n,k . . .
the J, 5 and _—, , 5 polynomials are described in part 3.4. The
fesults were printed in the manner conventionally used for computer
-output. Some of the results were also transformed by further programs
into the code of the Fhoion 5-5060 photographic typesetting unit. This
unit and its applications to the printing of computer results are de-
scribed elsewhere (Barnett, Moss, Luce and Kelley, 1963). A short
program was used to transform the initial computer output to a form
that could be processed by the CARDPRINT system to produce the codes
that drive the Photon machine. These codes were punched on paper tape,
and the tape was used to drive the 5-560 unit in the Cooperative Com-
puting Laboratory. The film that was exposed in the Photon unit to the
images of the appropriate sequences of characters,under the control of
the paper tape, was developed and used as the original from which part
4 of this report was copied photolithographically.

: . : n, k . . .
The coefficients in the J, 5 polynomials are integers, those in the
— n,k . . . .
"~ o, g Polynomials are rational numbers. The version of the pro-
¥

grams that is in use at present represents all coefficients as double

precision floating point numbers throughout,to avoid excessive round-

off. If so desired the coefficients in the .T‘S’l; may be converted from
’

this form to integer representation for printed output. The coefficients

b

. ~—/\n,k . . - . .
in the , —, . are recorded in single precision floating point form. The
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only details of the program that are specific to the double precision na-
ture of the operations are the limits on the sizes of array that can be
used to store the coefficients, and the D codes in the arithmetic state-

ments.

3.2. Internal representation. -- Similar storage conventions are used

—_—— s
for the Jn- Kk | Xr;’]; , 5’;’1; and _— ,‘;’1; polynomials. These may be ex-

plained by reference to the J;: g polynoumizls. The subscripts p and ¢
_are stored as integer variables MA and MB. The mnemonics used in
the present version of the programs correspond to versions of the
mathematical notation that precec ied those described in parts 1 and 2 of
this report, but this should cause no confusion. The coefficients of the

polynomial Jﬁ}; MB are stored in consecutive locations of a double

precision array AICM of dimension 3750, starting with the word
AICM(N), whose index N is siored for reference in another array IN.

This index is called the pointer to J.&X,MB . The array IN is of di-
mension 15X 15, and the pointer to Jfﬁx MB is stored in IN(MA +1,
NMB+1i). The word AICM(N) corcains g’ + 1, where g is the order in

n of J?/I’K,MB . The word AICM(N +1) contains h+1, where h is the

order of the polynomial in k that is independent of n. The coefficicnte
of increasing powers of k in this polynomial are stored as double pre-
cision numbers in successive locations of AICM. The pelynomial in k
that multiplies n is stored next, in a similar fashion; then the polyno-
mial in k that multiplies n® and so on, up to the polynomial in k that
multiplies n8.

As an example, consider the polynomial

n,k
2,1

J = (-2k - 10k® - 8k®) ¢ (3 +5k +4k®)n + (1 + 2k)r® - n®.

For reasons that are explained shortly, this is stored with its pointer
N equal to 43. Accordingly, IN(2+1, 1+1) = 43, and the contents of
AICM(43) et seq. are a5 follows:

INX ‘ AICM (INX)
43 4
44 4
45 0
46 - 2
47 - 10
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48
49
50
51
52
53
54
55
56
57 -

=N N W W

The mnemonic INX is usedabove to index the AICM array. This array
is used to store all the computed polynomials. A similar array, ATEMP,

’k l""ﬁn’

is used to store the gg, g and  — p,g polynomials as they are camputed.
During the execution of the program it is necessary to operate on the po-
lynomials that have been formed and stored. Whenever a polynomial is
to be used, it is first transferred from AICM into one of four temporary
stores AICT 1, AICT 2, AICT 3, AICT4. These temporary stores are

16 X 16 arrays in which the double precision element with subscripts

., I-1 -1 .
(I,J) is the coefficient of n kJ in the polynomial , the element with

subscripts {I,16) is one greater than the order in k of the polynomial

. I-1 . .
coefficient of n and the element with subscripts (16,16} is one greater
thar the order of the entire polynomial in n.

, . k |
Thus if the polynomial g° , '8 transferred to AICT 1, the contents

of this airay are as follows :

AICT(I,J)

J-o
1 2 3 4 5 16
I 1 -2 -10 -8 4
! 2 5 4 3
3 1 2 2
4 - )
16 4
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3.3. Basic polynomial manipulation subroutines. -- Several subrou-
tines are used to operate on polynomials whose representations are
stored in the 16 X16 arrays AICT 1, AICT 2, AICT 3, AICT 4. These
are described by reference to the case where AICT 1 and AICT 2 are
the arguments in the calling sequence, but any of the four arrays (or
any equivalent array) can appear where AICT 1 and AICT 2 arc used
below. '

CLEAR(AICT 1) This clears all words of AICT 1 to zero.
ADD(AICT 1, AICT 2). This adds the polynomials whese repre-
senta ions are stored in AICT 1 and AICT 2, and stores the repre-
sentation of the result in AICT 2. ' '

MPCONS (AMU, AICT l). This multiplies the peclynomial whose re-
presentation is stored in AICT 1 by a constant, stored in AMU,
anrl stores the representation of the resulting polynomial in AICT 1.

MPMC’'AMU, AICT 1, AICTZ2). This performs the same operation
as MP(.ONS, but stores the result in AICT 2, leaving the contents
of AICT 1 unchanged.

MPMK{AMU, AICT 1, AICT 2). This multiplies the polynomial
whose representation is stored in AICT 1 by the linear factor ak,
and stores the representation of the result in AICT 2. The letter
a is used here to denote the numerical value of a constant, stored
in AMU. The second and third arguments of thic subroutine must
not be the same. :

MPMN(AMU, AICT 1, AICT 2). This multiplies the polynomial

whose representation is stored in AICT 1 by the linear factcr an,
and stores the representation of the result in AICT 2. The letter
a is used as it is in the explanation of MPMK. The second and

third arguments of this subroutine must not be the same.

SUBST(AMU, AICT 1). This substitutes the linear factou. {k + a} for
k in the polynomial whose representation is stored in AICT 1. The
letter a is used as in the preceding paragraphs. This subroutine
" uses the binomial coefficients stored in the COMMON array APASC.

PASCT(APASC). This forms Pascal’s triangle in the 15x15
COMMON array APASC. '

TRANS (N, AICT 1). This transfers the polynomial whose pointer
is N from the COMMON array AICM to the working array AICT 1.
The nature of AICM and N was explained in part 3.3. The value
of N is unchanged by the subroutine.

STORE(N, AICT 1). This copies the polynomial whose represen-
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tation is stored in AICT 1, into the AICM array, starting at

AICM({N). The value of N is reset by the subroutine to the index

of the word in AICM immediately following the last of the words
~ required for the polyiomial. Befcre exit the subroutine calls the

subroutine PRINT (see below). It is used to store the J%'g and
' Xn k polynomials in AICM. : ’

KEEP(N, AICT 1). This differs from STORE only in that it trans-

fers the polynomiai {icma the array AICT 1 to the array A

n,k

. n, k - .
It is used to store the E o and  — o o polynomials..

PRINT(AICT 1). This prints the contents of AICT 1 if the data
card so requests. An earlier version of the subroutine printed
intermediate results for program testing and correcting. The
present version includes identifying data in the record (polynomial
name and order).

DIVIDE (MA, MB, AICT ). This divides the polynomial whose re-

presentation is stored in AICT ! by pMA rMB MA'MB! Itis used

to convert JQ l; to Xrol:}; .

The internal operation of these subroutines is very simple. Most
of them use the variables NORDP1, KOriLP1l, MNPl and MKP1 in a
uniform manner. These variables are defined independently in each of
the subroutines that use them. The variable NORDP1 is set equal to
a number that is one greater than the order in n of the polynomial on
which an operation is being performed. The variable MNP1 is a
running index that at any time is one greater than the power of n under
attention. It takes values 1 to NORDP ! in turn. The variable KORDP1
is set equal to a number one greater than the order in k of the polyno-
mial coefficient of the power of n that is under attention. The variable
MKP1 is a running index that at any time is one greater than the power
of k under attention. It takes values 1 to KORDP1 in turn. The vari-
ables MNP1 and MKP1 are used as indices of two DO loops whose
respective upper limits are NORDP1 and KORDP 1. The different low
level subroutines perform different operations within this simple nest
of DO loops. The subroutine CLEAR sets NORDP1 and KORDP 1 both

equal to 16 to clear the entire array,

The subroutine PASCT constructs the binomial coefficients using

) e

The operation of SUBST cor~csponds to the summation that can be ex-
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pressed as follows. Let the contents of AICT 1 represent the polyno-
mial c{n, k) , .

g ' h
1.)
where c(n,k) = Z <, Jn k
izo j=o
Then
e g hi
c{in,k+a) = Z Z c! n' i ,
i,]
izp j=o
‘where h
. ‘ L-] (z)
- = c . c ).
i,] 1,) i, £ J .
£=j+b

In the subroutine SUBST, the array AITEMP stores powers of the
argument AMU (i.e. a in the above equatious). '

3.4. High-level programs. -- The mathematical prccedures developed
in parts 1 and 2 of this report form the basis of {ive major subroutines.
These are

GETJS , which constructs the Jn'k polynomials defined in equa-
P, C .
0k tion (40)
GETXS , " ” ¥ Xo 'c ” " in equa-
: o’ tion (35)
GETAS , ” o7 " a constants " in equa-
: £, \ .
K tion (63)
- GETPSI, " " » g polynomials ” in equa-
| , £ o tion {65)
" ”» ” ﬁﬁ n' k ” ” .
BIGPSI , . - in equa-
e | tion (61) -

A short main program is used to read data and to call this system
of subroutines. A data card may request the calculation of the Xrol:lo(.

polynomials up to some limiting value of p+o . A data card may re-

. — n,k . s
quest the calculation of | = , ;' 5 polynomials up to some limiting value

of p+a, and for some value of . Depending on the circumstances,
the main program calls the subroutine GETXS, or the subroutine
'BIGPSI, or both, betfore reading another data card. The subroutine
GETXS calls the subroutine GETJS which forms and records the Jn'lé
polynomials. The subroutine GETXS then converts the Jr;’lé polyno’-
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n, k : : - ;
normials to the XO’ g Polynomials and records these. The subroutine

BIGPSI! calls the subroutine GETPSI to form the Eg:lé polynomials.
This in turn calls the subroutine GETAS to form the YR coefficients

v k . y k
or generating the ,52, g polynomials from the Xr; g polyno-

Ty

necessary

n,
mials previcusly computed. Then BIGPSI uses the § 6, G polynomials

n,

k .
to form and record the \ =, 5 5 volynomials.

We will now describe the operations of the five majo: subroutines:

GETJS{ AICM, MAPBMX). This subroutine generates represen-
tations of the polynomials J%:¥ ¢ S 545 SMAPBMX, 0%, and
stores these in che array AICM in the format which is described
in part 3.2. The representation of the first polynomial is con-

structed from the explicit formula, taken from

gk o
0,0

The recurrence formulas are then applied using the fOIIOW1ng

mnemonlcs
MA =9, " MB=g¢o, | MAPB=p+0,
MG = 7(in th of equation (42)),
(in ecpc"r quation (42)) | '
MGMAX = the maximum value of T in the summation of equation (42),
CABG = expressed as a floating posint number,

ST

MBMAX the maximum value of ¢ for the value of MAPB under

consideration.

The subroutine cycles around an outer loop in the index MAPB,
which takes successive values 1 to MAPBMX., This loop starts at
statement No. 50. In each cycle, the representation of Jrl\l/fXPB o

constructed first, by a coding sequence that corresponds to equa-

. tion {41), in which the second term is by-passed if MAPB =1. An
inner loop, which starts at statement No. 210, then cycles through
values of MB from | to MBMAX, constructing representations of
the J?/iA,MB by a coding sequence that corresponds to equation (42).
The second term is by-passed if MB s 1. The third term is by-
passed if MA = 0. The summation over MG (that is T) is omitted
if MB=1. When MB > 1, a DO loop with index MG, which starts
at statement No. 315, constructs the sum
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—
2‘ -'J’TpT’JT

The result is then multiplied by p(p-oc+k). The coefficients Cogr
are evaluated by a coding seguence that corresponds to equation

{43). Each term in the * summation is constructed in AICT 1 and
then added to AICT 2. Each Jn }; polynomial is formed in AICT 4,
"tnen printed and stored in AICM The integer variable NNEXT is
the running pointer to AICM; it is used as an argument of STORE.

GETXS(AICM, MAPBMX). This subroutine takes the represen-
tation of each J’Z‘f_ polynomial from the AICM array in turn, con-
verts it to the representatlon of the corresponding X }; , and over-
writes the result in the AICM array from whicn tae J%:lé was
taken. The subroutine DIVIDE is used to perform the conversion,
which simply entails division by 29*7 p! 4!

- GETAS (A, ANU, N). This subroutine constructs the ap 5 as ele-
ments of the two-dimensional array A. The subscripts:-I and J are
used in part of the subroutine to identify elements of the array in
which case A(I,J) = ay 1.1 The subscripts in the program are in
reverse order to those in the notation of part 2, as they correspond
to an earlier version of the notation. The subscripts IP1l and L are
used later in the subroutine in place of I and J. The argument ANU
is the parameter ®. When the subroutine is called by GETXS, the
third argument is MAPBMX. Here, [or conciseness, we denote it
by N. The first part of the subroutine evaluates the integral part of
(N/2), adds 1 and places the result in M. It then computes the

Y ; i
A(l,TJ), A(L 1) and A(I, 2), {that is the aJ,, 0’ al,l-l and aZ,I-l) as
All,J) = 1.0 for J = 1toZM
A(Z’ 1) = ']2;(” "l) ’

then for I taking values 3 to M

| A(I,1) = (APROD - SUM)/2.0 ,
where -
APROD = (ANU - 53;—3)ANUI'2

‘The quantity SUM is evaluated by a loop on the index IH which takes
values 2 to I-1. Each cycle of this loop adds A(IH,1) A(Il+1-IH,1)
to the accumulating value of SUM for the current I. This corre-

-35-



' sponds to the equation
' A-1

| 1 -1
aly)\= -é-(n-x'/l})n -3 Z

’

al,.u'alr-)\'u
W=l :

which is »tained from the second equation after eq. {64) on page 24,
by substitucing 1 for a o-and transposing.

14

Next, the elements A{l,2) are constructed for I = 2 to M using
the formula _ ®»

A(l, 2) = (ANU - I—;-E)ANUI‘Z

This corresponds to the equation on page 24,

Cn Ay
az,)t—(n-‘i)x

The subroutine then cycles through a loop on the index L, which

takes values from 3 to 2M-2; it is used as the second subscript of
the A’s. For each value of L, the limit IP1MAX of the first in-

dex is found from

2

IP1 MAX = M - integer part of

The subroutine then cycles through a loop on the index IP 1, which
takes successive values 2 to IP1 MAX. Within this loop A(IP1, L)
i set equal to A(IP1,L-1), and then an inner loop on the index
IHP1 is executed. This takes values 2 to IP1. Within this inner
loop A(IP1,L) is increased by: A(IHP1,1) X A(IP1 -IHP1 +1,L-1).
In this way A(IPI],L), i.e., a , is evaluated in accordance

. 4 : L,IP1-1 .

with equation (64). )

GETPSI(AICM, MAPBMX, ANU). This subroutine uses the repre-

sentations of the X%:K polynomials in the array AICM, to generate
representations of the g‘a:}; poiynomials. It overwrites these in
this same array immediately prior to exit. The g’;;g are found for
0 £p +0 < MAPBMX, and for # = ANMI, The subroutine calls GETAS
to form the a in the array A. It then evaluates the EX° k using

s 0,
equation (65) in the form
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g

n,k __n,k ' n, k
» - ’ x
gp.c xp,o * E: ap+c-ax,k p-x, 0-X
A=1 ‘
The limit on the summation in (65) is written as the lesser of the

quantities p and 5. It can be written as o here as the polynomials
are constructed only for o < p.

The following mnemonics are used:

MA = p MB = ¢ MAPB = p+0 MBMAX = maximum o
for current

1 =X J =p+ 0 -2\
p + g value
AMULT = a for current o, o, )\
. peg-2X, ) n. k
ATEMP = working array for g 0,0

The subroutine cycles through a major loop on the index MAPB
which takes value 1 to MAPBMX. This loop starts at statement
No. 50. Within this loop, the representation of gMAPd o

formed first. An inner loop that starts at statement No. 210 is then
executed with the index MB taking values 1 to MBMAX. Th1s loop
~ forms gMA Mp DY transferring the representation of X’ ' X to the

array AICT 2, and then executing the innermost loop on the index I
which takes values 1 to MB. Each cycle of this innermost loop adds

the product of A(l+1,J), (1. e., ap G-z ) )\) and the X polynomial
+g=2\,
with pointer IN(MA+1-I, MB+1-I), (i.e., Xr; 1{ )\) to the running

sum. When the construction of a § - k is complete, it is recorded
-and transferred to the ATEMP array by the KEEP subroutine. This
subroutine automatically increases the po1nter NNEXT for use in
storing the next §n 1; . When all the 2 o 1; for p + 0 < MAPBMX
have been formed and stored in ATEMP, they are transferred to

the AICM array by the loop that starts at statement No. 600.

BIGPSI(AICM, MAPBMX, ANU): This subroutine constructs re-
presentations of the polynomials z p,k for 0 < p + ¢ < MAPBMX,
p 20 . The subroutine stores these in the array AICM prior to its
conclusion. The argument ANU is the parameter x. The subrou-
tine calls GETPSI to form the polynomials gn,l; in the array
AICM. These are used by BIGPSI to form the polynomials : I;, k
one by one in the array AICT 2. Each — g’lé is transferred to

. "-'\ n, k
ATEMP after it is formed. When all the _—, 0,0 have been formed,
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they are transferred from the array ATEMP to the array AICM,

— n,k | . .
Each =, , 5 is constructed by use of a simple transformation

of equation (66). Put

o, = {2n -t + I)n/t

then
(Zn(-M)T=m 0 )
T T T-1 1
and
— n,k n, k
- S X e X X e
— p,0o ( . (s o-c,o) N gc>-c*1, 1) ¥oor * gp—c»z,z) o2
X o gn, k .
1 p, O
The subroutine uses the following mnemonics
MA =p  MB=g MAPB=0+0 MAMB-=p-0¢
MBMAX = maximum value of ¢ for current p+C
Jk
N1 = pointer to §2 o 1N AICM
L = £ stored as an integer
BML = 7 - £ stored as a floating point number
BMLP1 = o0 - £ + 1 stored as a floating point number

MAMBPL = 0 - ¢ + { stored as an integer
COEFF
N2

w/(oc - £ +1)

. -k .
pointer to § ) in AICM .

The subroutine cycles through a major loop on MAPB, within
which there iz a loop on MB. Within this loop a polynomial 3 g: o
is consiructed. This is done by first transferring the represen-
tation of g“*k to AICT2. IfMB =90 (i.e. ¢ = 0}, this is trans-

0-0,0 —n
ferred to ATEMP, and the construction of the next _~ , 5 ¢ is
started. If MB > 0, the subroutine executes an inner loop on the
index L. This takes values ] to MB. In each cycle, the contents
of AICT 2 is multiplied by COEFF, that is #/{g-4£+1). In the first
cycle, this is n/e, in the last cycle it is n. The representation of
the product of -(2n - 5 + ) and the polynomial represented in AICT 2
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y k
is then formed and stored in AICT 2 The polynorrual -o+2 P
, k

is then added. In the first cycle. thxs is E oatl, 1 In the last

cycle it is §p' : The loop thus corresponds to the equation on the
top of page (36).
I_—"'\n’

When the construction of a,_ — 0. 5

polynomial is complete, the

subroutine KEFP records it and transfers it to the array ATEMP. The
pointer NNEXT is recet automatically by KEEP for use in storing the

next "~ _, n k. When all the _—_, 2’1; for p+e¢ <« MAPBMX have been

b ?

stored in ATEMP, they are transferred to AICM,

3. 5. Output. -- The listings of a slight improvement of the programs
which were used to construct the coefficients in the polynomials follow.
The subroutine PRINT wrote the output on magnetic tape in three alter-
native forms, under the control of option requests in the data card and
sense switch settings. The forms of output were: (i) bcd single preci-
sion floating point representations of the coefficients, with captions and
in a format for printing on off-line IBM equipment. (ii) for the J's, the
‘bcd integer representations of the coefficients, with captions and in a
format for printing off-line, (ii) bjnary representations of the most

. significant word of each pair of words that were also stored in the AICM
or ATEMP arrays, The subrou‘ine INTVAL was used in the production
of (ii), to convert the double precision floating point binary representa-
tion of an integer to its bcd integer represe.itution. This subroutine used
some utility subroutines of the BCD Manipulation Package (M.J. Dailey,
P.B. Burleson, E.J.D., Carter,and K. L.. Kelley, Cooperative Computing
Laboratory Technical Note No.12, MIT 1963). For photocomposition, the
- output (iii) was read back into core storage by a program which produced
the p code represeniation of the material to be printed (see M.P. Barnett,
et al., 1963). This was written on a magnetic tape, which was then used
as the input tape for the PCé program. This wrote the requisite Photon
codes on a magnetic tape, from which the paper Ldpe to control the
Photon machine was punched.
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3.6 Program listings
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CCLEAR
< CLEAR , EMPORARY STORAGE
SUBTOUTINE CLEARCAICT)

] DIMENSTON hl(ll!?ﬂonk?‘&.ll,.l’)nATEH’()?,OhA(SO-IQ)
DIMENSION IPRINTI& ) INI1241S)
o DIMENSION AJCTI16e16:

COMMON AICK MAsMBeIJXPSIs IPRINT ¢APASCoATEMP A, 1 NeANY
10 DO 20 MNPl=1 16
DO 20 MKP121,1%
D 20 AICY(MNP1e*"FP1)20,
RETURN
EnD

>
3

ADD TWO POLYNOMIALS

SUBROUT INE ADDFAICTI+AICT2)

DIMENSION AICMII7503+APASCI15015) +ATEMPI3750)4A120015)
DIMENSION IPRINT{A2o1N(15+15)

DIMENSION AICTI{16016)9AICT2{16016)

COMMON ALCMoMA MBI IUXPST o IPRINT yAPASCIATEMP A, INANY
WOP 11eA(CTI(16016)

NOP 12=A1CT2(16416)

MOP i wXMAXOF (NOP 11 +NOP12)

AICT211801819N0P)

DO 80 MNP1le]4NOPL

KOPI1=AICTI(MNPL416)

KOP12+AICT2(MNPYv16)

KOP 1o AMAXOF (KOP11oKOPL2)

AICT2(MNPY s 1¢1°KOP])

00 S0 WKPIs]l.X0P)

AICT2UNNP) sMEPLISATICTLIMNPL JMRKPLI)SAICT2(MNPL eMKPL}
RETURN

ERD

o © 9oO°©O ® OO © O NN

b
-]

CHPCONS

[4 MULTIPLY BY COMSTANTY
SUBROUT INE MPCONSIACONSTALICT)
DIMENSION AICM(3750) sAPASCI15915)sATEMP{37503,A130,415)
DIMENSION IPRINTIA)INIL1%:15)
DIMENSION AICTI16016)
COMMON ATCMoMAMBe ] JXPSToIPRINTSAPASCIATEMP s A«INANL
MORDP1I=AICT (160,18}
DO 20 MNP e eNORDP ]
KOIDPI-A[C‘(NNPLNN
DO 20 MKPi=] +XORDP

20 AXCT(nNPhNKPx.'ACOISYOAICHWhMFH

- RETURN

EnD

o
-] %oue

CHPNC

[ 4 MULTIPLY BY CONSTANT AND TRANSFER
SUBROUTINE WPMCIAMULAICTLVAICT2)

[ DIMENSION AICMI3750),APASCI1S,15)+ATEMPIZTS014A(30915)
DIMENSION IPRINTI&)I¢INI15,+18)

[ OIMENSION ASCY1(16s18)2A3CT2116016)

COMMON AIZMaMAWMBS [ UXPSLsiPRINTosAPASCAATEMPsAsINsANY
DO 10 MNP1=],.16
00 10 MKFl®]lole

D 10 AICTZ(MNP L MKPliesAJCTI(MNPLIMKP])

[ CALL MPCONS (AMUAICT2)
RETURN
END

CHPNK

[4 MULTIPLY BY K

SUBROUTINE MPMK LAMUSAICTLeALCT2)
DIMENSION ALCMUSTSO)sAPASCI1S+,519ATEMP(ITS0)+A130015
OIMENSION IPRINTIAISINCI5+1S)
DIMENSION AICT1116116)+A1CT2(26016)
COMMON AJCM MASMB 1 UXPST o IPRINT sAPASCIATEMP s AsINVANU
CALL CLEARIAICTY)
NORDPIAICTI(16416)
AICT211616)NORDP L
00 50 MNPlwlyNORDP}
KOROP1=AICTLIMNP],16)
ATCT2(MNP],16)=KORDPL+]
DC 50 MKP1={+KORDP]
50 AICT2(MNPL MXPLe3)mAMUBATCTIIMNPL jMKP] Y
RETURN
ENOD

© 90O ODO O ©O

MULTIPLY BY N

SUBROUTINE MPMNIAMUGATICTLAICT2)

OIMENSION ATCMEITSOIsAPASTI1S915)+ATENRPI2T30) sA1230e15)
DIMENSION [PRINTIA)INI1S541%)

DIMENSION AICT1()6516)9AILT2(16016)

COMMON ASCHMoMA MBI JXPST s IPRINToAPASCoATEMPsAsINoANY
CALL CLEAR(AICT2Y

NORDPL=AICT1{16416)

AICT2116216)1°NORDP L]

DO 50 MNP1e]14NORDP]

KORDPL=AICTI(MNP1+16)

AICT2IMNPL1+1416)eK0RDPY

DO %0 MKP1 = 1+KORDP1

AJCT2IMNAI+1oMKPL® AMUSATCTIIMNP L oMKP1)

RETUPY

o

© OO0 OUO0O © © NN

-
(-3
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csussT
(4

9 Do oo O >
w

0 30
1000

CPASCT

o 11
0 13

c 19
20

CSTORE
C

(-3

o

‘920w ocom o0 © °
o

REPLACE x BY KeAMU
SUBROUTINE SUBST(AMUAICT)
DIMENSION AICHMI 37501, APASCI 15 18) sATEMP {37501 +A130415)
OIMENSTON IPRINTI®IoINILSvid)
OIMENSION AICT(18e18),A1TENP(1S)
COMMON ALCMyMASMBy I JXPST + IPRINT 1APASCsATEMP s As IN»ANU
IFiAMU)IS$1000:43
AITEMP(]1)e],
D 10 1=2,13
ATTEMPUI)AITEMP{T~1) AR
NORDOP1=AICTLL4918)
DO 40 1#]1,NORDPI
KORDPImAICT{T418)
DO 40 J = 1.XIRDP]
IF{J-KORDP1)15+40+40
SPleas)
DO 30 N=JP1+KOROPL
MSUB=mM~J+1
ALCTULod)SALICTILoJIOATCT I oN)CAPASCiNIJI®AITEMP (MSUB}
CONTINUE .
RETURR
END

SUBROUTINE TO GENERATE

PASCAL'S TRIANGLE

SUBROUTINE PASCT(APASC)

DIMENSION AICMI3T50)1sAPASCULBs LS I sATERPIZTS0)eA(30013)
DIMENSION IPRINT(&)2INI15.15)

COMMON AICH MAMA [ JXP3! o IPRINTIAPASCIATEMP o AsINSANY
00 11 lIPl=slels

APASCCIIPled )1,

00 13 [1P1=2,41%

APASCU{IIPLslIPLlI=l,

DO 20 [IP1=3,15

1JP1MX=11P1~1

00 19 [JP1=2s[JPLIMX

APASCUIIRPY+I JP1)ISAPASCITIIFI -1 Pi-1)+APASCIIIPI~1s1UP1)
CONT INUE

RETURN

END

TRANSFER FROM MAIN TO TEMPORARY ARRAY

SUBROUTENE TRANS(NAICT)

DIMENSTION ATCMIATS0) s APASCC15515) »ATEMP(3750)+A1304+15)
OIMENSION IPRIKT(4) 1 INL15e15)

DIMINSION A{CTI169161)

COMMON AICHMsMAMBL 1 JXPSIoIPRINVSAPASCIATEMP 1A IN2ANY
CALL CLEARIAICT)

INXaN

NORCP1sAICMIINX?

AICTU18416)1=NORDPL

DO 30 MNP1=1+¢NORDP1

INX=INXe]

ENPNOYes ICMITNK)

ALCT(MAP1+16)2KORDDY

0C 50 MKP1s=]1+XORDP)

INX® IRXe)

ALCTIMNP L sMKPL)I=ATCMIINX)

RETURN

END

TRANSFER FROM TEMPORARY TO MAIN ARRAY

SUBROUTINE STORE(N.AICT)

DIMENSION AJCMIATS0 1 APASCL159151 sATEMPL3ITH0)+A(30015)
CIMENSION TPRINTI&) ) IN(15915)}

DIMENSION AICTI16.16)

COMMON ATCMoMASMB [ IXPS! s IPRINT 3ARPASCoAT MO A, INVARY
NORDP1IsALICT(16416)

ATCK (N} «NORDR]

Nane+]

00 130G MNF1=1+MORDP!

KORDP1aALCTI(MNPLs16)

AICMIN)SKORDP]

[ TL1S]

DO 100 MKPlel.KORDP)

AICHMINI®ATICTIMNP] oMKP L}

Nans+y

Chul PRINTLALCT)

RETURN

END
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KEEPS GENERATED PSIS IM ATEMP
SUBROUTINE KEEPINsAICT)
DIMENSTON AICMIITS5014APASCU15415) +ATEMP13750) 441300151}
DIMENSION IPRINTIL) 4INT15015)
DIMENSTION AICTI16016)
COMMON ALICMsMA MBI UXPST o LPRINTSAPASCHATEMP Ay INsANY
NORDP 1=AICT (16416
ATEMP (N )=NORDP1
NeN+}
DO 100 MNPl31+NCRDP1
KORDO 1w AICTIMNPL,14)
ATEMO IN)sKCRDP]
LLLES!
DO 100 MKP1=1:KORDP]
ATEMPIN]I=AICTIMNRL yMKP L)

170 NeN<) .

(<4
<

]

26

CALL PRINTIAICT)
RETURN
END

RINT
PRINT RESULTS
SUBROUT INE PRINT(AICT)
CIMENSTON AICM(375C ) +APASCUL5015) sATEMPL3T750)9A(30s15)
DIMENSION TPRINTI4)sIN{15e15]}
DIMENSION AICTULG,16)
DIMENSINN MRII5} e INTARSIL16)oINTEGIIS,161
COMMON A ICMIMA+MBI I UXPSI s IPRINT»APASC sATEMP e Asl!isANU
1R NOPDP1=AICT{16416)
NOKDaNCROP1-1
TF{IJXPS]-2115010418
10 WRITE TAPZ 12.A[CTI16416)
0C 12 MMP1e],NORDP]
KOROPI=AILTIMNR]L,16)
WRITE TAPE 12,A[CTIMNPI16)
00 12 MKP1=|,KORDP]
WRITE TARE 12+AICTIMNPLMKP])
12 CONTINUE
1% IFCIPRINT(IUXPST))2Q,100,20
EXIT IF TPRINTII XPSI190
PRINT 214RORD
21 FORMATIQ2H //17M ALPHA PLUS BETA=2[2)
PRINT 262
2 FORMAT(8X ¢ 3HN9K)

263 GO TO 12719272+273+278)+1JXPSIT
271 PRINT 271!
2711 FORMAT{6X16HJ )

GC "0 30

272 PRINT 2722
2722 FORMAT(6X46HX -)

GO 10 30
2731 PRINT 2733
13 FORMAT{ 4XsBHKS] -

27

“. 10 3C

274 PRINT 2748
2744 FORMATIIX,11HBIGKST =)

30

26

1
1

3

2
3

PRINT 4C1.4A.M8B
1 FORMAT(TX31241H012)
2% DO SC MNPI=],NORDP]

MNEMNPT -]

KORDP1=ASCTIMNPL16 . -

DO 26 1=]1,KORDPL

MKl

IFCIURPSI-1) 27427428
27 IF{SENSE SWITCH 61 28429

CALL INTVAL(FLTANS» INTANS}
29 DO 127 MKP1=1,K0R0P}

ELTANS=AICT(MNP1sMKP])

0C 123 K = 1,16
28 INTEG(MKPL4K) = INTANSIK)
27 CONTINUE

PRINT 224MNs({INTEGIMKP) oK1 oKu1s16)»MKIMKP]) sMRP1=]1,KORDP L)
2 FORMATU/ 47K N##I2,8ATIMES  Gl16A1vGH KE®12:2X1 e/ 17X

7 GU]6AL LN KP9[202K )0/ 1Thvai{lbAlsbr Kool 242X )/ 17Xy

3 Ll 18AYshH NES[2,2X)}

GOTO S0
8 PRINT 3] sMNe(ATCTIMNP]Y gMKP ) sMK (MKP]) s MKP 11 sKORDPL:
1 FORMAT(/27H NS#[2,8HTIMES  4lE15.8-6r KORI242X)9/17Xy

2 WIETSaBouh K®®[292X)s/]1 X4 E]SaRserl KO®1242K) 9/ 17Ky
3 G(E15e804H K®®[2,7X7)
80 CONTINUE
IFUSENSE LIGHT 1) 990»1001

1001 JF{IPRINT(IJXPS[}1)110C+100+55

O OO0 oOoAN

EXIT wITHOUT PUTTING COEFFS ONTO TAPE UNLESS IPRINTIIJXPSI)
1S GREATER THAN ZERO
55 RRITE TAPE 1LlsAlZT(]16¢16)
0O 57 MNP1=]sNORDP]
XORDP1=A[CT(MNPIs16
WRITE TAPE L1sATCT(MNPLIsb}
DO 57 MxrR1a]4KORDP]
WRITE TAPE L1+AICT(MMP] MKP])
57 CONTINUE
GOTO 100
990 PRINT 991+MAMB
991 FORMAT(37H INTEGER CUTPUT OVERFLOWS FOR ALPRA =12+THsBETA =12
2 &7H DEPRESS SENSE SWITCH 6 TO CONTINUE PROGRAM)
992 1F(SENSE SWITCH 61 18,992
100 RETURN
END
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CINTVAL
[ _COKVERT FLOATING TO INTEGER
SUBROUTINE INTVAL(FLTANS [NTANS!
~ DIMENSTON ATCH(3T401¢APASCI1591%5)+ATEMP(37301+A130413)
DIMENSION IPRINTIAISINITIS218)
ODIMENS[OK INTANS( 16!
COMMON AICM MAMBs1JXPS 1+ IPRINT sAPASCoATEMP , As INsANY
CALL OEFBCOILM +INTANSLY))
COEFF=ARSFIFLTANS ) +0e2
IFL10.8915-COEFF) 50,50,5
50 DO S1 Ke2vle
CALL DEFBCOILIHA,INTANSIN) )
11} CONT LRUE
SENSE LiGnT |

ow

GOTO 1000
5 DO 100 Ka2s16
n IMTANS(KY = COEFF/j0,%®(16~-K!
INTREM = INTAKSIK)
o COEFF = COEFF=-FLOATF(INTREMI #1048 18=X)

1€ UINTANSIX)) 80+80,120

a0 CALL DEFBCDILIN o INTANSIK )

100 CONTIANUE :

2 CALL DEFBCODITHC +2iMTANSI1G)
GOTO 10UQ

D 120 JFIFLYANS) 125+130513C

125 CALL DEFBCL{LIH-+INTANS(K-])}
G070 135

130 CALL DEFBODILH+INTANSIK-1))

135 INTANS(R)I=«TBCDFNIINTANS(K]) )
CALL SFILFTIINTANSIN) »INTANSIK])
TFIK-18; 140,10C5,10CH

140 Kek*]
DO 200 Jek,1é
D INTANST J) & COEFF/1C.®8 (16~
INTREM = [NTANS(.1
°] COEFF = CUEFF-FLOATFIINTREMI®I0.#*(18-1)

INTANSE I ® I BCDFRIINTARS (1)

CALL SFTLFTIINTANS! J) pINTANSIJ)D
200 CONTINUG
1000 RETURN

END

DIVIOE
DIVIDES BY (298 (MAeMB ) )suscomge

[
C
SUSROUTINF DIV IMAMRAICT! .
[»] DIMENSION AICM 3750 s APASC {154 IS10ATEMAII3750)9A130,15)
DIMENSION [PRINT LI NS LS
o DIMENSION AFCTI 640k
COMMON ALCMyMAsME i J3PSToIPRINTVAPASCHATERP Y Ar N ANU
o] AFECT»Ys
jad BFAC el
fFimaylloble?
DO 1L Mul.ma .

T AFACTSAFACTSFLOATF (M)
1 IFIMBI22e22012
12 DG 2C Mx1.»8
D 20 BFACTEBFACTSFLOATFINM)
D 22 Dlve2,se{MAeMBIYAFACTYORFACT
D NOROP) =AICT 1€y ]6)

D0 31 MNPYe[ L NORDP)
D CORDOPIsAICT(WNP 106}

DO 30 wkPlslRORDP]
D 30 AICT(MNPi+MKPLInAICTIMNPI mKP1}/DIV

RETURN

END
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CGETUS
4

OOCwNY © ©

»
-
o

o

Qo000 OA:OUDOOO(\
h-d
=

b 100
0 110
120
200
210

220
224

oo

230
23%

(-2 -2-A-A-R-A-N.] N oo

250
251
255

NO0ODOUOCODD

o 320

D 22%

SUBROUTINE TO GENERATE J-COEFFICIENTS
SUBROUTINE GETJSIAICM,MAPBMX )
DIMENSION ATCMIBT50),4PASCI15015)sATEMP(3750)+A(130415)
DIMENSION TORINYTIL)IN{18+15)
DIMENSION ATCTI41060161sAICT2Z1L1601010AICTIN1601614A1CTRILG,10)
COMMON ATCH &8 oMEW L IXDS! o IORINTSAPASCJATEMPsASiNAN
CALL PASCTLAPASCH
SET UP J(C.0)
INCT 10 .
AlCMIl)=].
Alcmi2ye],
Alcwidgel,
NNEXT 24
1IxpPsIs) .
DO S0C MAFBa] ¢MAPBMX
CONSTRUCT JiMALGC)
NieuAPB
MBs?D
GET FIRST TERM
NlsINiMALD)
CALL «RANSINL.AICT])
CALL 3uBSTH1.+ALLTY)
CRLL MPMK{2,,AlCTIvAIZTA)
CALL MPMNI-144A1CTLsaICT2)
CAtL ADDIAJCT2,a1CT4y .
TFtmAa=-]1} 9999,12C+50
GET 5ZCOND TERM
N2z INIMA=141) .
CALL TRANSINZHAICTY)
CALL SUBSTEQ . ALCTYY
CALL MPMK {1e4a1CTLoRICTYI)
CALL MPMNI-~1esAICTLsaICT2Y
CALL ADDIALIZT24.A1CT
TFtMA-2! 11041109300
AMA | oMA -
CALL MPZONSIAMAl,A1CTY
CALL ADDIAICTIAICTA}
INCEMAS] I nMNEXT
CALL STORE(NNEXTV AICT&}
CONSTRUCT JIMA,.MB)
MBMAXSMAPB /2
TFIMBYAX) 9999,500+21C
DO 400 MBel MBMAX
MAD | sMA
MAr MA-]
. GET FIRST TERM
NleINIMAP] yMB)
CALL TRANSINL,AICTLY
CALL SUBST!-1,,81CT1)

CALL MPMK{~2.0AICT10AICTS)
CALL “PMN/~]aoAICTLoATICT2)Y
CALL ADDIAICT2.AICTS)
TF{MB-11 999992504234

GET SECOHD TERM
N2=INIMAP] sMB~1)
CALL TRANSINZ2sAICTY
CALL SUBSTI-240A1CT]Y
CACL MPMEL ] o AICT!-4TICT3)
CALL MPMNILI.eAICTIHAICTY
CALL ADD (AICT2.41CT9)
AlMBs=i-MB
CALL MPCONSIAIMBAICTY)
CALL ADDIAICTIZAICT4) .
GET THIRD TERM
LF IMA-1) 360,251,251}
N3« [NIMA M8
CALL TRANSINIAICTL:
AMSMBaxMA -5 0MB +4
CALL MPMC(AMIMBA+AIITIHAICTS!
CALL “PMKi4. AICTIAICTZY : N
CALL ‘DOIAICT2.AICTY
CALL MOMNIL.oAICTIeAICT)
CALL ADDIAICT2,AICTY
CHA =-MA
CALL MPCONSICMALALICTS)
CALL ADDIAICTIAICTS)

GET GAMMA SuM
MGMAX=ME
TFIMGMAX-11360+360+310C
CALL CLEARTAICT2)
DO 360 MG=2,MGMAX
MAMGP | =MA~MGS ]
MAMGD ) = MY —MG+ ]
IF (MG5-216999.320,325
CABG®I®iMA~]) Y IMB-]
GO 10 330
CABG=(FLOATF I 2OMAMGO L #MBMGP 1 ® (294051 ) ®CABG) /FLOATF (MG)
NG = [N{WAMGP1,MBMGP |
CALL TRANSING.AICTL)
CALL MPCONSICABGIAICTY)
CALL ADD(AICTL ALCT2)
CONT INUE
CMA=MA
CALL MPCONSICMALALICT2)
CALL MPMK(LlesAlCT2+AICTY)
IF(Ma=-uB19999,355+350
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0 350

© L 388

360
400
500

99%9
9900

CGETXS
C

[+]
[
]

Y
%0

%00
500
9999
9998

CGETAS
o

000 Vo

NTO
”

faY -2~}
w»

CGETPS
<

o ©o o

SMAMBaNMA -3

CALL MPCONSISMAMBLALICT2)
CALL AGO!AICTZaAlCTA)
CALL ADDIAICTL«AICTS)
INIMAS ] o MB+] s xNNEXT
CALL STNREINNEXTsAICTS)
CONT INUL

CONTINVE

PRINTIG00O

FORMAY (24H J POLYNOMIALS COMPLETED)
CALL CLOC¥kt2y

RETURN

END

EVALUATE X-COEFFICIENTS

SUBROUTINE GETXS(ATCM,MAPBMX)
DIMENSTON ATCHM{3T50),AF "&Cl15:15) dATENE 3750 1,AL 30418}
DIMENSION IPRINTI4)+IN(ES+15)
DIENSION AICTIi16016)

COMMON A1CMoMACMB.TJXPSS o IPRINT JAPASCIATEMP AvINIANY
CALL GETJISTAICMIMAPDBMX |

N=&

1JXPSiu2

DO S0C MAPBalyMAPBMX

MA=NAPB+]

MBMX=NAPB/2

DO 40C MB20 yMBMX A
MA o MA-)

CALL TRANSIN.AICTL)

CALL DIVIDE(MAsMBAICT])

CALL STORE(NSAICTIH
IF(MB-HBMX1400,5C0+9999
INEMASHB+2 ] -N

IN{MAPB+2:1)3N

PRINT 9958

FORMATI13H END OF X$)

CALL CLOCX12)

RETURN

END

SUBROUTINE GETASIA+ANUIN)
DIMENSION ATCKIITS0) oAPASCI15¢15) +ATEMP(3750) sA( 304151
DIMENSION IPRINTI&)»IN{1Ss18)
COMMOM ATCMoMA oMB oI JXPST o IPRINT »APASCoATEMP A+ INsANU
Me]eN/2
JAs20M
I=t
DO 2 JuleJA
AtleJinle
COMPUTE FIRST ROW
Tag
Jis!
APROD=ANU-.25
AT »JI1=APRGO/ 20
DO & In3eM
Sum=0e
Als]
APROO=: ANL - {AI—1a) /6, )8 (ANUSS({[-2]})
[Mi=1-)
1Ple]el
DO 3 IHw2,IM]
IPmnaIP1~iH
SUMaSUMSA | THeJ118ACIPMNJ])
A(]+J11@APROD-SUM} /2,
COMPUTE SECOND ROW
J2e2
DO 5 I=2sM
Al=!
AL J2)aUANU=LAT~1e) /A0 )R (ANUSS[-2))
COMPUTE OTMER ROWS
LMAX=20M-2
DO 10 L#3+LMAX
(PIMAX =M=t -2V /2
DO 10 [P1=2,IP1MAX
ATTPLsLI®ACIPY L=}
00 10 IHP1=2,1P]
INX1®]PL=THP1+]
ALTPIoLI®A{IPISLICALIHPI 011 CAIINXToL~1
RETURN
END

f

GENERATES LITTLE PSIS

SUBROUTINE GETPSICAICMMAPBMXsANU Y

DIMENSION ALCMIITSC)LAPASCI19015) +ATEMP(3750)9sA13041)
DIMENSTION IPRINTI&)INIL1S.13)

DIMENSION AICT1(1641611AICT2116,16)

COMMON AICM MAGMB 1 JXPSE - [PRINT sAPASCIATEMP s Ao INsANY
CALL GETAS(AJANUIMAPBMX}
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6%

0 70
D 120
130
140
4
200
210

220
0 22%

0 233
2%0
o

|4

D 238
0 300
0 %0
400
oS30
460
$00

0 600

9998

CBIGPST
<

UOODUOOS -] e AU O ©
(=3

oo

300

D 3%0
~00
$0¢

D 606
9900
3910

PSIt0e) SAME AS X001
NNEXTua
1JaPS1e3
DO 900 MAPBe] MAPBMX

SET UP PSI(MALO)
MA=MAPB
N8=0
NIsIN(MA+],1)
CALL TRANSIN1,AIZITYY
CALL XEEDINNEXT+AICTY)
[FIMA-119999,130014C
INEMA+2 11 ) ONNERT
GG 10 %03

TNt aAs2 ) =RREXT

SET UP PSI(MA. M8
MBMAX=MAPB/2
TF{MBMAX)9999,500021C
OO 460 uBe] MBMAX
MAP I eMA
MASMA-1
MleIN(MAP! ,MB41)}
CALL TRANSINl.AICT2)
00 300 le1,MB
MAM | sMA =]
MM =MB -]
MAMIP, eMAML ¢
MBMIPIsMBMIe]
JEMAM] +MBM ]

1F(J)9999.3104235%

AMULT=ALI+1e)
NG~1MIMAMIP] . MBMIP ]} .
CALL TRANSINGAICT])
TFLAMULT~1e) 25%:300,2%%
CALL MPCONS(AMULTSALCT])
CALL ADDIAICT1eAICT)
CALL KEEPIMNMEXT,AJICT2)
IF(MB-MBMAX 1430045044592
IMIMAIMBP2 | =NREXT
GO 10 460
IMIMAPOS2+1 ImNNERT
CONTINUE
CONTINVE
NMAXaMMEXT-1
DO 600 N=& I NMAX
ATCMIN)I=ATEMP (N}
PRINT 9998
FORMATII5H END OF PS1S)
CALL CLOCKt2)
RETURN
END

GEMNERATES R1G PSIS

SUBROUTINE BIGPSI(A[CHsMAPBNX s ANU |

DEMENSION AICMI3T750) s APASCIL50 1501 sATEMP(3750)sA(30515)

DIMENSION [PRINTI&)¢IMNIL15.15)

DIMENSION AICTL1(18418)0AICT2116016)

COMMON AICMvMASMBo 1 JXPSTsLPRINTVAPASCATEMP s A INANU

TALL GETPSICAICHMMAPBMK ANU |
BIGPSL{0+0) SAME AS PS110+0)

NNEXT=a

14%PSIns

DO 500 MAPBa] ¢MAPBMX

MBMAX=MAPB/2

DO 400 MB=OyMBMAX

MA=UAPD —MB

MAMB aMA ~M8

N1=INI{MAMB®l,41)

CALL TRANSIMIGAICTZ)

IFIMB) 990043504100

DQ300L=1 M8

BMLP1aMB-L+)

COEFFeANU/BMLPL

BML=BMLP (-1«

CALL MPCONS{COEFFIAICT2)

CALL MPMMI{~2,+ATCT24AJCTY)

CALL MPCONS(BML +AICT2)

CALL ADD(ALICTLAICT2)

MAMBP{ aMAMB+L

N2=IN(MAMBPL+]oL+1)

CALL TRANSI(NZ2:AICTI)

CALL ADDIAICT14AICT2)

CONTINULE

NNEXT = IN(MA+1lsMB+]}

CALL KEEPINNEXT+AICT2)

TONTENUE

CONTIMNUE

DO60O0 N=1 NNEXT

ATCM(NIPATEMP (N

PRINTS910

FORMAT( 18K END OF BIGKSIS)

CALL CLOCK(2)

SETURN

€L
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4
HIS MAIRM PROGRAN PUTS X-COEFFS OX TAPE B&
OINENSION AICM{3750)sAPASC{130151eATEMP(3730)sA130419)
DIMENSION IPRIRTIA)I«TN(15+15)
COMMON ACMoNAsMBol JXPS]eIPRINTAPASCATEND s As 1M, ANU
RENIND 11
1 READ 10+MAPBMX s ANUs Jv( IPRINT(I}slelsa)
10 FORMAT(IZ2.F15.845142
PRIAT 11+ANUMAPBMX
11 FORMAT(15H VALUE FOR MU= F1S.8,/,
2 S0N THE MAAIMUM YALUL OF ALPRA PLUS BETA IS5 la,
1F14120418,20
15 REWIMD 12
WRITE TAFE 124MAPBMX
WRITE TAPE 11oMAPBMXANUS(IPRINT(I}s]%]44) -
CALL GETXSIAICHMMAPEMX ) .
PRINT 18+MAPBMX
16 FORMAY(/.29M THE X~COEFFICIENTS TO OROER 12,
2 41H HAVE BEEN COMPUTED AND STORED OM TAPE B6)
REWIND 12
READ TARE 129sMAPBYP
6OTO 30
20 REWIND 12
READ YAPE 12,MAPBTP
TFIMAPB TP —MAPBMX} 25,527,277
25 PRINT 28
26 FORMAT(104H THE ORDER OF POLYNOMIAL REGUIRED EXCEEDS THE ORDER OF
2THE X-~COEFFIENTS AVAILABLE.THIS wiiL BE REMEDIED
GOTG 15
27 (PRINT(}1=0
IPRINT12)80
WOTTE TARE 11.MAPBMXeANMUS{IPRINTII el =] a)
30 NH=O
DO 40 MAPBSC s MAPBNX
NHa iMAPB+3:# (MAPB+2) /28 (MAPB/2+4]1)+NH
40 CONTINUE
AlCMtl)=],0
AICMI2)=].0
AICM(I33w)e0
IN(lslde)
DO 50 MwasNH
READ TAPE 12+COEFF
ATCM IN) e COEFF
S0 CONTIMUE
CALL BIGPSI(AICMIMAPBMX p ANU)
GOTC )
ENp
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4.1 Newcomb operators with integer coefficients
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L
2 9
s

Jie

LRY
Ji

32

[ RY

|
Yo

(NN

300

nh
2

nh

Ji}.ﬂ

n.k

JT.G

1
2h-n

Sh +4h" H -3-thn+n°

‘wtk: +n+n’

26k +30h" 4 8h° H-17-33k- 12K H 9 +6 k1"
-2k-10K7-8K + 3 +5k +4K% 0+ 1 42k )n'-n’

206k +283K° + 1204 +16k' + -142-330k-192k*-32k>)n « 95 +1 02k +24k)n’
+H -18-8kin' +n'

-22k-64K7-60k-16k" + 22+4 Tk +48k* +1 6k™)n + -1 43k )n° + -6-4k)n’ +1°*
9L +16k" +2n K -1-8k%)n’-2n° +n'

2,191k +3.360k" +1.790k> +400k* +3 2k*+ -1,569-4,080k-2.995k*-840k*-80k*)n
+ 1,220 41,660k +660k” +80k’)n’ H -303-230k-40k*)n® +{ 30 +10k)n*-n’

-258k-648k"-614k™-240k"-32k’ +{ 231 +572k 46 17k* +296k° +48k")n
H -68-76k-60k’-16k") n" H -41-32k-8Kk")n’ H 14 46k n'-n°

10k-12K° +26K° +80k*' +32k* +( 3-10k-9k*-24k’-16k*) i + -8-12k-36k*-16k*)n’
H-5+2k +8k°)n" H 642k)n'-n’*

20,352k +48.538k° 429 835k° +R8.660k* +1.200k" +6 4k°

H -21.576-60.752k-51,615k™-18,860k"-3.120k"-192k>)n

+ 18,694+29.535k +15.345k" +3 240k’ +2 40k*)n’

4 -5.595-5,530k-1.680k’-160k™ ) n’ H 745 +435k +60k*)n' H -45-12k)n° +n’°

-3.608k-8,588k°-8,200k’-3.740k"-800k’-64 Kk*

+H 3.096 +8.454h +9,535k" +5.280k> + 1,360k +1 28k’ )n

4 -1.466-2.280k-1.765k’-630k’-B0k' )n° H -2535-340k-80k*)n’

+ 185 +130k +20K%)n' H -25-8k)n’ +n’

136k +314K° +393k” +788k" +300h" +6 1k° +H -72-34.3k-399k*-452k’-304k*-64Kk°)n
H-38-113k-233K°- 136k 16k )0 + 5 +66k +1 12k +32k")n® « 41 +1 Tk-4k")n*
+-13-4h)n" +0°

72K 4196k -64K" H 24 +39Kk°-48k") n + -26-93k* +38k") 0’ H -15+48k%)n’

TH 251267090 + 0

472,730k +828,758k" +363 486k’ +193.130k"' +35,560k> +3.360k° +128k’
+(-355.081-1 DA 283k-1 000,727k -432.775k-95.340k*-10.416k*-448k")n
+334.369 4587230k +361 935k7 +101.990k™ +1 3,440k’ +6 72k )n’
H-113.974-133.945k-54.425k°-9.240k" 560k")n’

H 18515 +1 4.490k +3.570k" +280k" ) n' -H -1,540-735k-84k°)n’ H 63 +1 4k )n®-n’
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4.2 Newcomb operators with rational coefficients
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+0.36168981x10°k*)n°

+H 40.25996455x10"°-0.91068327x10°k-0.77504560x10*k*)n’

© 4 0.58128719x10° +0.96881200x10" k )n®-0.53822888x10°n’

-0.12025763x10k-0.27948567x 10k*-0.27808429x10k>-0.15336697 x1 0k*
-0.50973239k-0.10428602k"-0.12825520x 10" k' -0.86805555x10°k®
-0.24801587x10°*k’

+0.10031117x10+0.32469966x10k +0.40865211x10k* +0.27398654x10k*
+0.10798641x10k" +0.2567 1115k’ +0.36035156x 10" k® +0.27405754x10°k’
+0.86805554x10"'k%)n

+ 0.81687515-0.17145132x10k-0.15636799x 10k>-0.78698459k"-0.23034668k*
-0.38661024x10"'k*-0.34288194x10°k"-0.12400793x10°k’ ) n’

+H 0.16459253 +0.25444471k +0.18950805k” +0.78253851x10"'k’
+0.17550997x10"'k* +0.19748264x10°k’ +0.86805554x10°k*)n®

+H 0.17438422x10" +0.20267 <2310k +0.50387911x107k*-0.48149956x10°k°
-0.27126735x10°k'-0.217013*  10°k*)n*

+-0.10700480x10"'-0.92244400 |07k-0.26441786x10°k*
-0.29839409x10°k’0.10850694x10 ‘k*)n’

+0.15747070x10° +0.95757377x10°k +0.18174913x10°k’
+0.10850694x10°k’)n’

+ 0.10918511x107-0.42046440x10*k-0.38752480x10°k*)n’
+0.36814856x10" +0.67816839x10°k )n®-0.48440569x10"n’
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X:: = 031955489k +0.9l53762|k2+0.ll95|00|xlOk’+0.93519422k‘+0.46137424k5

+0.14105903k° +0.25520833x 10" k" +90. 2430158‘“0"1‘ +0. 99206349x10 K’
+-0.27535281-0.94954078k-0.13664984x 10k*-0. Ho949|6xlok -0. 64.)693631“

-0.22988281k°-0.48611110x107°4°-0.54563491 102k "-0. 2380!08?)&!0 k®in

+0.12547510 +0 28382626k +0 "638075lk +0. mba'mok +0.79372829x10" k*

+0.23307291x10" k 10, u.zzzzmo k' +0. 19841269x10”k")n’

+H0.2 866675\!0 +0.63186305x10 'k +0.78987630x10" k ) 39930555“6"!&'

+0.83550346x10°k"' +0.60763888x 10"k 10" :

+ 0.59895833x107-0.2007 m*mo‘ k-0.22216797x10 "'k’

-0.91145832x107°k*-0.15190972x 107 k -0.86805354x10"k’)n*

H -0.36617296x107°-0.20480685x 10"k +G.83007812x10°k’

+0.13402778x10"k" +0 .43402777x10 'k )n

H 0.16059028x10° +0.86805555x10°k +0.10850694x10°k*) 1*

H 0.19259983x10 °-0.736297 11110 *k-0.62003968x 10° k)’

H 0.10075644x10"' +0.19376240x10 "k 11*-0.19376240x10"n’

x:': = -0. 'ols‘muuo”’k 0.62266710x10" k’- 0.11032262%° oaaouumo K
-0.72398545x 10 k’-0.51041666x10 'k°-0. lrmmmo k'
-0.34722229¢107K"-0.23148148: 10"k’
+H0.14400227x 10" +0.13996853x 10"k +0.10228226k° +0 900851 T7x 10" k>
+0.43441207x10' k" +0. 3353211 7x10" k" +0.17332175x10"k"
+0.41666666x10° k" +0.34722222x10°k* 1y
+ -0.48990885x10° +0 . 42679397 x 10 *k-0.24793836x 1 0°°k"
+0.20717592x10" k' +0 .27289496x10"'k' +0.96788193x10°k*
+0.10416666x107°k% 10’

H 0.19323278x107-0.46522351 4 10k +0.35337094x 102k’

0.78667533x10°k*-0.92954282x 1 0°k*-0.26909722x 107k’

-0.23148148x10°k%) 2’

+0.36132812x10°-0.30481 469107 k-0.89789496x 10 k*-0.2622251 1 x10°7°k*

+0.21701389x10°k* +0 .86805354x10 k" 1n*

H 0. 33542209x|0‘+0 14377169x 10k +0.21267360x10°k°

+0.65104166x107 k +0 .43402777x10 'k )’

+0. 12693312:‘10 +0. 33998842x10°k-0.13020833x10°k*

-0.28935185x10°k* )n

H0.21430121x107-0.59678819x10 "k )n’

H0.16276041x10"° +0.27126735x10°k)n"-0.45211226x10°n’
.k

Xy = 0.84323-158x|0‘"k 0.30257161x10'K°-0.16783311x10"'K’ +0 38612195x10"'k*
+0.79169379x10°k’-0.11089409x 10" k™-0.91115833x10°k’
+0.17361110x10°k" 4033722222 107k°
H 0.35420735x107 +0.32253689x 10k +0.17175292x 10 ' k*-0.53955077x 10k’

-0.19057210x10"k" +0.66189235x 107k +0.10147569x10°K"
+0.17361110x10° K -0.17361 110x10°K")n
+H -0.56911892x10° +0 54796007 x 10" k-0.19053819x10"k*
0.11610243x10°K* +0.12017144x 10"k’ +0.54233472x 107K’
~0.19965278x 1 0"k“-0.34722222x 10k )n®
+10.9629991 ;xm' +0. mssoaoxm'km 13689507x 10"k -c 25770399:(10 '
-0.45030382x10°k'-0.39062499x 10™°k* +4. l.mumxm k*)n’
+H 0.44949001x107°-0.37841796x 10 *k 1.63340928x 10°k-0.33908419x 1 0° &’
+0.976536250x107'h" +0.13020833x10°k° 10’
+H -0.34308339x10°-0.43402777x 10"k 40.16832139x10°k’
+0.16276041x10 'k*-0.65104166x10 ' kYo’
HO.11745876x10 *40.81380208x107k-0.22243923x10°k’
-0.21701388x10 'k*}n’
+-0.21023220x107-0.18988714x 10 'k +0.10850694x10°k*)n’
4+ 0.18988714x 10" +0.13563368x 10°°k )n"-0.67816839x}6°n’
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Xoo = 0.12541313x10k +0. °4¢$8a38x10k’+0 20272344x|0k’+0 .91804938k*
4+0.25555501k° +0 .45655404x10"' k" +0.52616825x10°k’ -0.37874090x10°°k’
+0.15500992x10 'k’ +0 .27557319x10°k"’
+-0.98501691-0.33310774x10k-0.38008564x10k*-0.21820702x 10k’
-0.72998835k"-0.15142390k°-0.19781720x 10" k*-0.15857515x10°X’
-0.71304563x10 'k*-6.13778659x10°k’)n
H 11.10994266x 10 +0 .23506019x 10k +0.19323537x10k* +0 .830541 25k
+0.20867075%" +0.318:5592x10"'k’ +0.29016565x10°k°® +0.14570932x10°k
+0.31001984x10°k")n’
+{ -0 480098%24-0.75606086k-0.47061253k*-0.15296009k>-0.28379086x10 "'k’
-0.30309605210°%"0.i 7261 110x10°k*-0.41335978x10°k )n’

44 0.11033259 +0 13284361k +0.62912269x 10"k’ +0.15163562x10"'k*
+0.1275R8608x 107k +0.13292100x10°k* +0.36168981x10°k*)n'

H -9.14948159:.10“-9.!3767993x10"&-0.49533207x|0"k’

-0.82442671x10°k’ 0. 67816839x10™ k 0.21701389x10 ‘k )n®

+40.12526505x 107 +0.86189552x10°°k +0.21469681x10°k’ +0. 23057725x10 NS
+0.90422453x10°k*)n’

+H -0.65499765x10-0.31922355x10*k-0.50378224x10°k*
-0.25834987x10°k™)n’

+ 0.20748723x 107 +0.64183795x10°k +0.48440599x107k’)n’

+ -0.36330450x10"-0.53822888x 10k )n’ +0.26911444x10"n"’

ab

Xe: = -0.16346598x10k-0.38191450x10k°-0.38597079x10k*-0.22062662x10k*
-0.78356571k°-0.17905024k°-0.26327401x 10" k'-0.24047205x10°k"
-0.12400793x10°k*-0.27557319x10°k"®
+ 0.13637604x10 +0.45800663x 10k +0.59358889x10k* +0.41395622x10k’
+0.17417270x10k" 40 .46143663k* +0.77287687x10" k® +0.79220403x107°k’
+0.45262896x10°k" +0.11022928x10*k")n
+H -0.12180641x10-0.26939501 x10k-0.25692941x10k*-0.13728520x 10k’
-0.4440065 1k*-0.88248697x10"'k*>-0.10490812x10"'k*-0.68204364x10°k’
-0.18601190x10*k")n’

+ 0.31933651 +0.53387193k +0.40992217k* +0.17838948k’ +0.45581958x10"'k*
+0.66984953x10°k* +0.52083333x10°k" +0.16534391 x 10"k’ )’

+H 0.34294438x10°-0.57987919x10%k-0.10409535x10"' k* :
0.61634204x10°k*-0.15439633x107k*-0.17361110x10°k’
4).72337963xm"k‘)n‘

+ -0.12349389x10"'-0.12006971 x10" k-0. 3996'854)&10"!;2

-0.55248118x10°K’ 0. 27126735x10* k n’

H 0.24353592x 107 +0.17942075x107°k +0.45991120x10°k* 0. 43828124x10‘k’
.+0.18084490x10°k")n’

H 0.22051775x10°-0.11599909x10°k-0.19376240x107*k’
-0.10333994x10°k*)n’

+ 0.10673078x10"* +0.35846043x10°k +0.29064360x10*k*)n’

+ 0.26642329x10°-0.43058310x107k )n’ +0.26911444x10°n"
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nk
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= 0.51066685k +0.i5202875x 10k +0.19349770x10k* +0.14704686x10k"

[l

072131525k +0.23102857k" +0.47469075x10 'k 4+0.59818327x10°k’
+0.41852678x10°k" +0.12400793x10"'k "

H 0.36831542-0.16398379x10k-0.24006705x 1 0k*-0.20419721 x10k®

-0. nammmk -0.41699795k*-0.98727755x10 ' k°-0. nzzumxlo k'
-0.11253720x107°k"-0.37202380x10'k") n

H 0.27775355 +0.6561889 1k +0.67944156k" +0.44077877k" +0.19920476k"
40.59606933x 10" k* +(.10739475x10 ' k* +0.10323660x10°k’
+0.40302579x10" k )0’

+ 0. 3491*43;;10 +0.31509642x10"k +0. ﬁousmuo k? +0.30404662x10" k>
+0. sz*slsomo % -o 32552083x10°k’-0.17361110x10°k*
-0.12400793x107'k )n’

H 0.15229046x10"'-0.36425357x10"k-0.36165194x 10"k’
-0.15951368x10"'k*-0.33264160x16°k'-0.31738281x10 K’

" -0.10850694x10*k")n’*

H -0.26639302x 107 +0.67003038x10°k +0.28996785 x 107k>
+0.12810601x10°k” +0 2034505210 *k*40. 10850694x10 *k°yn’

+H 0.18770853x10° +0. 11181301x10” *k +0.12902153x 107K’ ﬁ)l76)°378x104bz
£0.27126735x10°k" )n

H -0.31077067x10°-0.15583341 x10°k-0.22088913x10*k*
-0.77504960x10°k*) n’

H 0.23614793x10™ +0.80290294x107k +0 .62972780x10°k%)n

+H -0.85982065x10°-0.14532175x10°k)n’ +0.12110:50x10 " n'®

-0.33461475x10"'k-0.14399801k*-0.24242602k’-0.22804879k *-0.16070420k*
-0.87936740x10'k°-6.31835937x10"'k’-0.67336309x10%k"
-0.74404761x10°%*-0.33068783x107k'°

H 0.35710151x10" +0.12827432k +0 24204201k’ +0.24131731k>+0.1510893¢ *
+0.82103588x10"'k* +0.35698784x 10" k* +0.94204695x10°k’
+0.12648809x10°k" +0.66137566x10°k*)n

+H 0.10648664x10™'-0.11802842x10'k-0.17678235x10"'k*
+0.90720847x10°k> +0.21425374x10" k* +0 .77473957x10°%k°
+0.29658564x107°k"-0.22321428x10°k"-0.21801587x10°*k")n’

H -0.52983682x107°-0.16105078x10" k-0.13099018x10™'&k*
-0.19973415x10'k*-0.15661169x10"'k*-0.50636373x10°k’
-0.69444443x107k"-0.33068783x107°k ")/’
+0.290511305x107%-0.20363136x10°k-0.73852539x107k*-0.15620478x10°k’
+0.96752025x10°k* +0.34722222x10°k® +0 .28935185x10*k%) n*

+H -0.26016800x107 +0.10357892x1 07k +0.30802408x 107k’
+0.1:1049623x10°k> +0.10850694x 10 k*) n°

+ 0.13163248x10° +0.29613353x10°k-0.29342086x10 °k*-0.97656249x 10"k

-0.72337963x10°k*) n®

H -0.29522931x10°-0.10178985x10°k +0.31001984x10°k’
+0.20667989x m‘T n

H 6.3197079x1G " +0.91068327x10°k +0.38752480x 107k’ ) n’
H -0.16469803x10°-0.25834987x10°k )n’ +0.32293733x10 " n'®
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- 0.48972800x107°k-0.13612196x10"'k*-0.15419514x10" Kk’ +0.27002179x10"'k*

+0.13950432x10"k’-0.40913899x10°k" +0.26584201x10°k’
+0.21050347x 107"k +0.65104166x10°k’ +0.57870370x 10"k
+ 0.25245949x10°-0.87438512x10 "k +0.17267749x10"'k*-0.46160662x107k’

©A0.21311195410'k'-0.18403229x107°k* +0.36946614x10°k*

+0.94039351x10*k'-0.39062499x10°k*-0.57870370x10™*k" )n .

4 -0.36703197x |0"-o.%s|9842x|0"k-0.1s962049xm"k’
-0.17787226x10°k’ +0.8791 1534x10 ’k*-0.39876302x10°k’

-0.25300203x10° k"-O 65104156x10°k'-0.43402777x10°k")n’

+ 0.67703811x10° +0.12057833x107k +0.12190190x10" k*-0.24640118x10°k*
-0.46748408x107°%*-0.53530693x10°°k* +0.34722222x10°k®
4+0.57870370x10"k’)n’

+(0.33632631x107-0.61255560x10°k-0 59137414x10°k*.0.18593117x10°k’
+0.13495551x107k* +0.28754339x10°k* +0.72337963x10°k*)n*

H 0.30259309x107 +0.40237991x10™k +0.19541422x10°k’
+0.27895326x10°k>-0.13563368x10°k*-0.21701388x17*k*)n’
+0.12293497x10° +0.10522912x10°k-0.34371835x107°k*-6.62361493x10"k*
+0.18084490x10°k*)n’

H -0.27477122x10°-0.40464047x10 'k +0.27126735x10°*k’
4+0.36168981x10°k")n’

+ 0.34247503x10™ +0.52558050x10°5-0.67816839x10*k*)n’

+ 0.22040472x10°0.22605613x10°k)n’ 40 .56514033x10 " n"

= <0.34772135x10"'k* +0.37589517x10'k*-0.11211208x10'k*

+0.13454860x10°k"-0.69444444x10*k"°

+ 0.27343749x10° +0.10854763x10"'k®-0.15262519x10"'k*
4+0.36566840x10°k*-0.26041666x10°k")n

H 0.46972656x10°-0.17721896x10"k* +0.11828952x10"'k*
-0.18337673x10°k’ +0.86805554x 10*k*)n’

+ 0.57915581x10” +0.11909315x10'k*-0.42860242x10°k*
40.34722222x10°k%)n’
+0.34478081x107-0.60770670x107°k’ +0.11528862x10’k*
-0.43402777x10"°k%)n’

+ -0.30405680x10° +0.18330891x10°k*-0.16276041x10°k") n’
+ 0.12148030x 10'2-0.33298068:(10"&’ +0.10850694x10™k*)n’
H 0. 270)89l9x10 +0.32552083x10™*k*)n*

+ 0.34586588x10” -0.13563368x10 *%*)n"-0. 23735894x10’n’
+0.67816840x10°n"
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4.3 Generalized Newcomb operators for # = 0
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nk
L d
3.2

0.09999999x10

0.09999999x10k-0.50000000n _
0.62500000k +0 50000000k’ + -0.37500000-0.50000000k )n +0.12500000n
-0.09999999x10k* +0.25000000n +0.25000000n"

0.54166666k +0.62500000k* +0.16666666k’
+H -0.35416666-0.68750000k-0.25000000k* ) n +{ 0.18750000 +0.12500000k )n’
-0.29833333x10 "' n’ :

-0.25000000k-6.62500000k"-0.50000000’
+H 0.25000000 +0.31250000k +0.25000000k") n

0.53643833k +0.73697916k’ +0.31250000k” +0.41666666x10"'k*
+ -0.36979166-0.85937500k-0.50000000k*-0.83333333x10" k*)n
+ 0.24739583 +0.26562500k +0.62500000x10"'k*)n’ ‘
+ 0.46875000x10'-0.20833333x10 "k )n’ +0.26041666x10°n*

-0.38541666k-0.79166666k’ -0 62500000k*-0.16666666 k*

H 0.32291666 +0.61458334k -+0.500000C0k’ +0.16666666k*)n
H -0.41666666x10" +0.31250000x10'k)n’

+H -0.62500000x10"-0.41666666x10"k)n’ +0.10416666x10"' n*

0.10937500k’* +0.25000000%'-0.31250000x10" n
H 0.78125000x 10"'-0.1 2500000k ) n*-0.31250000x1 0" n° +0.15625000x10 ' n*

0.57135417k +0.87500000k" +0.46614583k" +0.10416666k" +0.83333333x 1v °k°
+H 40.40859374-0.10625000x10k-0.7799479 1k*-0.21875000k’
-0.20833333x10'k*)n

-+ 0.31770833 +0.43229166k +0.17187500k* +0.20833333x10"k*) n®

+H -0.79427083x10'-0.59895833x 10" k-0.10416666x10"k*)n’

+ 0.78125000x10° 4+0.26041666x107°k )n*-0.26041666x10°n*

-0.5390625Ck-0.19781249x10k"-0.86197916k"-0.31250000k*
-0.41666666x10"'k*>

+ 0.43359375 +0.10026041 x10k +0.89713541k" +0.38541666k’
+0.62500000x10'k")n

+ -0.15885416-0.14583333k-0.78125000x10" k2-0.20833333x10"k*)n’
+H -0.45572916x10"'-0.54687500x 10" k-0.10416566x10"'k*)n’
+(0.18229166x10" +0.78125000x10k )n*-0.13020833x10n°

0.65104166x10"'k +0.20312500k” +0.25520833k* +0 20833333k’
4+0.83333333x10"'k’°

+ 0.58593750x10 '~0.14322916k-0.1 1 718750%*-0.62500000x10"' k*
-0.41666666x10"'k'}n ‘

H -0.44270833x10"'-0.78125000xi0" k-0.93750000x 10" k*
-0.41666666x10'k’)n’

+(0.10416656x10" +0.52083333x10°k +0.20833333x10"k*)n’

+ 0.15625000x10"' +0.52083333x10°k)n*-0.26041666x107n°
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0.636979i6k +0.105331419x 10k’ +0.6474609:k’ +0.18793403k*
+0.26041666x10"'k’ +0.13888888x10°L"
+(-0.16822916-0.13184027x10k-0.11201172x10k>-0.40928819k’

© -0.67708333x10'k"-0.41666666x10°k*)n

+ 0.40568576 +0.64095052k +0.33300781k" +0.70312500x10"'k°
+0.52083333x10°k"-*
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-0.82442671x10°k’-0.67816839x10° k -0.21701 339‘10'1\').1

H 0.12526505x107a 0 amaosazuo k +0.21169681x10°k" +0.23057725x 107k
+0.90422453x10°k")n°

+ -0.65399765x10'-0.31922355x10’ k 0.20378224x10°K*
-0.25834987x10°k’)n’

+ 0.20748723x107 +0.64183795x10°k +0.48440599x10 7 k*)n’

+H -0.36330450x10-0.53822888x10°k )n’ +0.2691 1444x10°n"

3

4).249713%x|0k-0.54034|26x|Ok’-o.50223409x10k‘-0.26546379x|0k'
-0.88268681k-0.19170215k*-0.27195457x10"'k*-0.24295221 x10°k*
-0.12400793x10°k’-0.27557319x 107k

+ 0.20230636x10 +0.66504307x 10k +0.80451310x10k* +0.51678418x10k*
+0.20141879x10k" +0.50171440k" +0.80412687x10" k" +0.80212466x10°k’
+0.45262896x107°k" +0.11022928x10*k’)n

+ -0.18819387x10-0.39573697x10k-0.3448760 >x 10k*-0.16714495x 10k’
-0.49733768k'-0.93066406x10"'k*-0.10664424x10 'k*-0.65204364x10°k’
<0.186061190x10'k%)n’

+H 0.56950028 +0 86650268k +0 .57304879k>+0.215987 14k’ +0.49705222x10"' k*
+0.68721064x10°k’ +0.52083333x10°k® +0.16534391x10°k")n’
+-0.50390571x10"'-0.50232385x10" k-0.25295342x10"'k’

-0.82793058x 10 °k*-0.16524703x10°k"-0.17361 1 10x10°K’
-0.72337963x10°k")n’

+H 0.75208310x107°-0.88684081 x10‘2|\-o.33457437x|0"k2

-0.50907841x 10" k‘ 0.27126735x10 u '

+ 0.21600229x10° +0.16829879x10°k +0.44906051x107k" +0.48828124x10 ‘K>
+0.18084490x107k")n"
H-0.21237973x107-0.11444899x10°k-0.19376240x10'k"
-0.10333994x10"°k*)n’

+H6.10376198x10" +0.35846043x10°k +0.29064360x10°k*)n*

H -0.26642329x10°-0.43058310x10 "k )n’ +0.26911444x10°n"
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ad

[ Ui

0.15432477x10k +0.37668870x10k" +0.40631558x 10k* +0.25650379x10k*
+0.10481381x 10k +0.28745218k" +0.52677408x10"' k' +0.61802455x10°k’
+0.41852678x10°k" +0.12400793x10 k'

+H -0.12946328x10-0.41 740547x10k-0.53964563x10k*-0.39002237x 10k’
-0.17897441510k" -0 S486R108K°-0.11261664k"-0.14826699x10'k"
-0.i1253720x10°k"-0.37202380x10"*k")n

+H 0.88705066 +0.18235785x 10k +0.16494814x 10k’ +0.87781762k’ +0.30782021 k"
+0.73309017x10"k>+0.11433919x10"'k* +0.10323660x 107k’
+0.40302579x10*k%)n®

H 40.84595551x10"-0.79962256x 10" k-0.20364550x10'k*

+0.16503228x10°k” +0.67816795x10°k*-0.67274304x10°K’
-0.17361110x10°k"°-0.12400793x10°'k")n’

H -0.38277277x10"-0.62188975x10 'k-0.44238962x 10"k’
-0.16710917x10'k*-0.33264160x10°k*-0.31738281x10°k’
-0.10850694x10*k")n’

+ £.53994920x10° +0.65836588x 10k +0.42017618x10°k* +0.13678657x 107k’
+0.20345052x10°k" 40.10850694x10 'K’} n’

+H 0.98054674x10° +0.7112291 1 x10°k +0.85618758x10™k*-0.17632378x10™k’
-0.27126735x10°k")n°

+ -0.26736789x10°-0.14653281x10°k-0.22088913x10°'k’
-0.77504960x10°k*)n’ .

+ 0.22839743x10™" +0.8029029.4x 10k +0.62972780x10°k")n’®

+ -0.85982065x107-0.14532179x10°k in* +0.12110150x10 " n"

-0.30049706k-0.87614363k*-0.11560290x10k*-0.91120037k*-0.47678494k’
-0.17344021k°-0.43988715x10"'k'-0.74280753x107°k’-0.74404761x10°k’
-0.33068783x10"'k"

+ 0.26246797 +0.85527629k +0.12066446x10k* +0.99665043k> +0.54149735k"
+0.20606191k" +0.56532117x10' k' +0.10809358x 10"k’ +0.12648809x10°k"
+0.66137566x10"'k’)n

©H-0.87270845x107-0.15401746k-0.11042726k"-0.37830042x 10"k

0.33142090x10°k" +0.71614578x10°k*-0.39785879219°k"
-0.22321428x107°k™-0.24801587x10°*k")n’

+H 40.34885499x10"'-0.8328541 Tx 10" k-0.87155038x 10"k’
-0.53502061x10"k’-0.21737557x10"k"-0.54108796x10°k’
-0.694441443x10°k"-0.33068783x10"k )n’

+0.30561632x107 +0.80819590x10°k +0.47403971x10°k’ +0.26697230x107k’
+0.14015480x 107k +0.34722222x10°k” +0.28935185x10°' k") n*

+H 0.22133156x10° +0.37213361x 10k +0.30802408x10°k’* +0.10181568x10°k’
+0.10850694x10°k*)n’
HO.14173719x10°-0.21927445x10°k-0.33682363x10°k*-0.97656249x10°k*
20.72337963x10°k")n’

H -0.19757306x10°-0.80088459x 10"k +0.31001984x10°k*
+0.20667989x10°k")n’

+ 0.20258122x10" +0.91068327x107k +0.38752480x10°k*)n’

+H -0.16469803x10°-0.25834987x 107k )ri’ +0.32293733x10 0"
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n

|0

nh
&

nh

= 0.93654227x10°k +0.38994685x10 'k’ +0.72781712x10" k* +0.82432953x10"' k*

+0.62127516x10'k* +0.32530555x 10" k* +0.12418620x10"'k’
+0.34939235x10°k" +0.65104166x10°k’ +0.57870370x10"k"°
+ -0.89011868x107°-0.32894786x10"'k-0.54654722x10"'k*
-0.53463892x10'k*-0.35591578x10'k*-0.15816017x10"' k®
-0.46386719x10°k"*-0.12948495x107%"-9.30062499x10°k®

~0.57870370x10'k")n

+ -0.23292824x107-0.11470314x10"'X-0.22460259x10"'k’

-0.2470081 4x10'k>-0.16490965x10'k*-0.84716796x10°k*
-0.32244647x10°k"-0.65164166x10°k’-0.43402777x10*k%)n’

+H 0.18936723x107 +0.37421333x 107k +0.48639714x107°k* +0.29050475x10°k>
+0.53349250x10°k* +0.50636574x10°k’ +0.34722222x10°k*
+0.57870370x10'k*)n’ '

+ 0.39132926x10° +0.25138007x10 7k +0.21700258x10 %k’ +0.20927146x107k’
+0.13495551x10°k* +0 .28754339x 10k’ +0.72337963x10°k*)n’

-+ 0.86862069x10™ +0.22469979x 10"k +0.65205890x10°k’ +0.18536599x10°k*
-0.13563368x10°k'-0.21701388%10°'k*)n’

+ 0.19446479x10°-0.149762i8x:07k-0.30031557x10°k’-0.62391493x10°k*
+0.18081490x10°k")n’

+ -0.14456289x10°-0.18762659x10™*k +0.27126735x10"k*
+0.36168981x10°k*)n’ '

-+ 0.28822157x10" +0.52558050x10°k-0.67816839x10*k*)n’

+ -0.22040472x10°-0.22605613x10°k )n° +0.56514033x10" n'"°

-0.34830736x10°k’ +0.63612190x10°k*-0.10115561x10*k*
-0.39062500x107°k"*-0.69444444x10"k"°

+ -0.19531251x10° +0.38384331x10°k’-0.72258835x10°k*
+0.18446179x10°k*-0.26041666x10°k")n

4+ 0.26692715x10°-0.37434871x10°k* +0.13037788x10"°k*

-0.97656242xi0"'k° +0.86805554x107*k*)n®

+ 0.30788845x10” +0 .43470587x10°k*-0.37977425x 10°k*
+0.33722222x10'k")n’

H -0.54660374x10°-0.55677629x10°k’ +0.50184461x10°k"
-0.43402777x10'k")n’

+ 0.24753129x10" +0.53100585x10°k*-0.16276041x10°k*)n’
+ 0.25180392x10°-0.22447373x10°k* +0.16830694x10°k*) n*
H -0.13495550x10° +0.32552083x10°k*)n’

+H 0.21023220x10"-0.13563368x10°k%)n-0.23735894x10°n’
+0.67816840x10°n"

-79-



4.4 Generalized Newcomb operators for # = 1/2
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ni
—
-0 0

b
—
1.0

nk
Zap

nh

n.b

—_1 0

ab

-
=1

nk

©-0.20833333x10"k*)n

C.0535%995x10

0.09999999x10k-0.50000000n R ' S
0.62500000k +0.50000000k* + -0.37500000-0.50000000k )n +0 .1 2500000n°
-0.09999599x 10k*-0.75060000n +0 250000000’

0.54166666k +0.62500000k> 40 .1 666666653
+ -0.35416006-0.68750000k-0.25000000k’) n -+ 0.18750000 +0.12500000k )n®
-0.20833333x10"n’

-0.62500000k°-0.50000000k" -+ 0.12500000-0.68750000k +0.25000000k*)n
+ 0.56250000 +0.12500000k in*-0.62500000x 10" n®

0.53645833k +0.73697916k” +0.31250000k’ +0.41666666x10'k*
+ -0.36979166-6.85937500k-0.50000000k*-0.83333333x10"'k*)n
+H 0.24739583 +0 26362500k +0.62500000x16"'k%)n’

+ -0.46875000x10"-0.20833333x10"k)n’ +-0.26041666x10n*

-0.72916666x 10" k-0.54166666k’-0.62300000k’-0.16666666k"
+H 0.13541666-0.26041666k +0.16666666k’)n + 0.39583333 +0.53125000k)n’
+ -0.18750000-0.41666666x10"k )n' +0.10416666x10"'n*

-0.39062500k” +0 25000000k +{ -0.15625000 +0.09999999x10k’)n
H .29687500-0.12500000k")n’-0.28125000n° 40 .15625000x10"' n*

0.57135417k +0.87500000k> +0.466i 4583k’ +0.10416666k" +0.83333333x10°k’
+{ -0.40859374.0.mozsoooxmk-o.77994791k’-o.zmsoook?

+ 0.31770833 +0.43229166k +0.17187500k" +0.20833333x10"'k*) n®

H -0.79427083;(|o"4).59895833x10‘fk-0.10416666x10“k’)n’

+ 0.78125000x10° +0.26041666x107°k )n*-0.26041666x10"n’

-0.13281250k-0.60937500k-0.73697916k’-0.31250000k*-0.41 666666x10" k°
+H 0.16796875-0.54687500x 10" k +0.84635416x10" k> +0.21875000k>
+0.62500000x10"'k*)n

+ 0.33593750 +0.63541666k +0.171875060k-0.20833333x10"k*)n’

+H -0.24869791-0.17968750k-0.10416666x10"'k*)n®

+H 0.39062499x10" +0.78125000x10°k)n*-0.13020833x10° *

-0.28645833x10"'k-0.26562500k"-0.11979166k" +0.20833333k*
+0.83333333x10"'K’

+ 0.82031250x10"-0.158854 16k +0.69531250k* +0.43750000k*
-0.41666666x10"'k*)n

+H 0.26031666x107 +0.20312500k-0.34375000k’-0.41666666x10" k*)n®
+H -0.34895833-0.11979166k +0.20833333x10" k%)’

+H 0.78125000x10" +0.52083333x 107k )n*-0.26041666x10°n°

0.63697516k +0.10533419x10k* +0.64746094k’ +0.18793403k*
+0.26041666x10"'k* +0.13888888x107°k*

+H -0.46822916-0.13184027x10k-0.11201172x10k*-0.40928819k
-0.67708333x10"'k*-0.41666666x10°k’)n '

+H 0.40568576 +0 64095052k +0.33300781k* +0.70312500x10"'k’
40.52083333x10°k")n’

+ -0.12141927-0.12000868k-0.36458333x10"'k*-0.34722222x10°k%)n’
+H0.16167534x10" +0.94401041x10”k +0.13020833x107k%) n*

+H 0.97656250x107-0.26041666x10°k )n° +0.21701388x10™*n’

[s e ]
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[N

Es = -0.20156250k-0.74973959k%-0.91145833h"-0.46614583k*-0.10416666k’
-0.83333333x107%*
+H0.21822917 +9 13463541k +0.25455729k’ +0.33333334k" +0.13541666k"
- 40.16666666x10" k*)n
+H 0.30260416 +0.69531250k +0.30143229k°-0.10416666x10" k*) n*
-+ -0.30403645-0.32031250k-0.72916666x10 'k’ in’
4+ 0.72265625x10" +0.37760416x10"'k +0.26041666x107k")n’
4+ -0.58593749x30°-0.10416666x10”k)n’ +0.13020833x10°n’

It}

= -0.70312498x10" k 0.23111979k*-0.11946614k” +0.17317708k* +0.13020833k’
© +0.20B33333x10 k
He. 9|l4383lx10 H. 19479163x10 'k +0.53678385k° +6 a611979lk3
+0.67708333x10'k'-0.20833333x10"'¥*)n
+ -0.65755208x10"' +0.51106. )»10'k-0.33300781k*-0.21093749k*
-0.52083333x107k") n’
H -0.26920573-0.28059895k +0.36458333x10"' k% +0.10416666x10"'k*) n’
+ 0.14355468 +0.47200520x 10" k-0.13020833x10°k*)n’
+{-0.14648437x10"'-0.13020833x10°k)n’ +0.32552083x10>n’

nt

2,35 = -0.14496528k° +0.21006944k'-0.27777778x10"'k*
+ -0.57291066x10" +0 .657552081;“-0.270833331“)n
+H 0.74652777x10"'-0. 60286458k +0.20833333x10"k")n’
+ -0.17317708+0.14583333k*)n" K 0. 17491319 0.52083333x10° k’)p
-0.19531250x10" n’ +0.43402778x10°n

e1 3

s T
[l

0.73277839k +0.12846570x10k* +0.87345920k> +0.29937065k*

+0.55121527x10"'k*> +0.52083333x10°k* +0.19841269x10°k’

+ -0.55041077-0.16466471x10k-0.15512261x10k’-0.67084418k’-0.14778645k"

-0.16145833x10"'k*-0.69444443x10°k°)n

+H 0.51830512 +0.91026475k +0.56103516k" +0.15809461 k* +0.20833333x10"'k*

+0.10416666x10°k’)n’

H -0.17667101 -0. 20762803k-0.84364148x10"k*-0.14322916x10"k* °

-0.86805555x10°k*)n’

+ 0.28700086x10" +0.22460938x10"'k +0.55338541x107k’

+0.43402778x10°K’)n’

+H 0.23871527x10°-0.11393229x10°k-0.13020833x10°k*)n’
C+{0.97656249x10" +0.21701388x10*k)n"-0.15500992x10° n’

nh

Z.1 = -0.28927951k-0.96104600k°-0.11653211x10k*-0.65961371%"-0.18793403k’

- ~0.26041666x 10"'k"-0.13888888x10°k’
+ 0.28927951 40 36125217k +0 51276040k’ +0 52663845k’ +0.24240451 k'
+0.48437499x10"' k> +0.34722222x 107k n

4 0.27427300 4+0.73561 198k +0.39860026k +0.25282118x10"'k’
-0.20833333x10"'k*-0.31249999x10°k*)n’”
+ 0.36381293-0.47162543k-0.16758897k*-0.14322916x10"' ¥’
+0.86805555x10°k ") n’
4+ 0.11159939 +0 .86154513x10"'k +0.16601562x 10" k* +0 .43402778x10°k*)n’
+ -0.13617621x10"'-0.56966145x107k-0.39062499x10°k’) n°
4+ 0.68359374x10" +0.10850694x 107k )n°-0.10850694x10™* '



It

-
=

n.
4.4

v =

-

"

L

i

=
N

[

- -

-0.10449219u-o.24375000k’4).97135419x|0"k’w.lszsmt)k‘+o.16796875k‘
+0.46875000x10 "'k’ +0.41666666x 10"k’

+H 0.10712890 +0. 18489584k +U.59928384K” 4062060546k’ 40 . 15950520k
-0.16145833x10'k*-0.62499999x10°k*)n

+ -0.13216146-0.10911458k-0.43180338k"-0.34147135k’-0.62500000x10"'k*
+0.10316666x10°k’)n’°

+ -0.22506510-0.31494141k 49.11393227x10°k’ +0.42968749x10"'k’
+0.26041666x10°k")n’

+H 0.:8050130 +0.12369791 k +0.55338541 x 10°°k*-0.13020833x107°k*) n*

+H -0.34667969x10'-0.10253906x10"'k-0.13020833x10°k*)n’ :

+ 0.20507812x107 +0.19531249x10°k )n°-0.32552083x10™n’

-0.33168403x10°k-0.79861110x10"k*+0.37977435x10°k* +0.17762586k*
+0.49513194x10"'k*-0.26041666x10'k*-0.69444444x10°k’

+ 0.31304253x10'-0.57725695x10" k +0.43918186k” +0 20090060k’
-0.25412326k"'-0.80729166x10'k’ +0.34722222x10°k*)n .

H 0.91796874x10' +0.65538195x10"'k-0.52783203k*-0.20865885k°
+0.62499999x10"'k"* +0.52083333x10°k") n’

+H -0.92827690x10"'-0.50944010x 10"k +0.25081380k’ +0.42968749x10"'k*
-0.26041666x16°k")n’

4+ 0.18440755 +0.60004339x10'k-0.27669270x10" k*-0.13020833x10°k*) n
H -0.52625868x10"'-0.56966145x 10k +0.65104166x10°k*)n’

+ 0.34179687x107° +0.10850694x10°k )n®-0.54253472x10"n’

0.86247984k +0.15842676x10k +0.11626329x10k’ +0.44837172k*
+0.99121094x10"'k* +0.1265!909x10'k* +0.86805555x10°k’
+0.24801587x10'k"

+ 0.65930524-0.20703644x 10k-0.21092420x10k*-¢.10282796x10k*
-0.27246094k'-0.40277778x10"'k’-0.31249999x10°k"-0.99266349x10™k")n
+0.66387454 +0.12634195x 10k +0.87946641k* £0.29859754k*
+0.53331163x10"'k* +0.48177682x10°k* +0.17361110x10°k*) n®

+ 0.25014377-0.33263075k-0.16312663k’-0.37597656x10" k°
-0.41232638x10’k‘—0 173611 loxm’ks)n

+ 0.46961127 x|0 +0 44433594x10 k +0.14885796x10"k’ +0. 21158854x10 73
+0. 10850694)(]0 k )n

+ 40.48285589x107°-0.31385633x107k-0.65104166x10°k’
-0.43402777x10°k%)n°

+0.27533636x10° +0.11121961x10°k +0.10850694x10™*k*) n®

+ 0.81380208x10°-0.15500992x10°k )n’ +0.96881200x10 " n®

-0.40541295k-0.12590913x10k>-0.15221842x10k*-0.91838108k*-0.30240885k°
-0.55121527x10"'k*-0.52083333x10°k'-0.19841269x10°k*
+0.38733259+0.66123513k +0.89233398k" +0.82714302k’ +0.40494791 k*
+0.10173611k5 +0.12499999x10"' k* +0.59523808x10°k )n
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H 0.1174148540.20775560k +0 .46822148k*+0.31561144k° +0.59642650x10"'k*
-0.34143518x10°k>-0.13888888x 10 °k*-0.33063783x10°k’ )n®

H 0.12197782 +0.11183087k-0.80546060x10"'k*-0.67100242x10"k*
-0.10751230x10'k* +0.28935185x10™*k"*) n*

+ -0.11711448-0.88845937x10"k-9.35115559x10°k* +0.54235387x10°k°
+0.54253472x16°k ")’

+0.32379150x10" +0.16669831 x16'k ++,.10520652x10°L>-0.18446180x 107k
-0.72337963x10°k")n°

+ -0.37837275x107°-0.11597325x107k-0.40302579x 10 k>
+0.20667989x10°k*)n’ .

+ 0.19744388x10” +0.30808222x10™*k +0.38752480x10°k*)n’

+ -0.43596540x10°-0.25834987x10°k )n’ 40.32293733x10 " n*®

In
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Zoe = 0.65140335x107%k +0.24194336x10"k? +0.46891954x10"'k’ +0.88596144x10"' k*
+0.14601474x10"k*-0.32910834x10"'k*-0.11886936x10"'k’
.71614584x10°k" +0.65104166x10°k’ +0.57870370x10°k"
+H 0.47019776x10°-0.20221174x10"k +0.94976352x10"'k*
-0.35309980x107°k*-0.24917664k*-0.10212243k" +0.23920356x10" k*
+o.13635705xlo“k’+0.99826388x1o*kﬂo.57870370xlO*k’)n
+ -0.70167822x10"-0. 27030207x10 'k-0.28737996k*-0.13070667k’
+0.18777465k" +0.83542208x 10" k* +0.24775749x10°k*-0. 20399305x10’k’
-0.43402777x10 k')n
H 0. 732261367&]0 +0. 71710881x10 k +0.33809622k" +0. 1445337318
-0.50681785x10 k -0. 20066550x10 k*-0.34722222x10°k¢ ‘
4+0.57670370x10°k")n’
+H 0.58041268x10" +0.11329990x10"'k-0.16910816k*-0.61817875x10"'k*
+0.39537217x10°k" +0.13992100x10°k’° +0.72337963x10°k*)n’
+H 0.94525767x10'-0.40210412x10'k +0.31115383x10"k®
+0.80263489x107°k*-0.13563368x10°k*-0.21701388x10°*k*)n’
© 4{0.38030836x10" +0.11802277x10"k-0.23402461 x10"*k*-0.32280815x10°k*
+0.18084490x10°k*)n’
+ 0.56784170x10°-0.96819842x10°k +0.7052951 3x10°k*
+0.36168981x10°k*)n’
+ 0.33264159x10° +0.26957194x10*k-0.67816839x10°k*)n’
+H -0.76293945x10°-0.22605613x10°k )n’ +0.56514033x10 7 n'""
:-:;'j“s = -0.17112629x10"'k*+0.75193954x10"k*-0.31827528x10"'k*
+0.30815972x10°k"-0.69444444x10°k"°
-+ 0.22460938x10"' +0.17841661k*-0.24329664k* +0.50314669x10"' k*
-0.19965278x107°k")n
+0.33593751x107-0.34987521k’ +0 .23698086k*-0.20930989x: 'k
+0.86805554x10°k")n’
+(0.19703504x10" +0.32889879k*-0.95540264x10"'k" +0.20833333x10°k*)n’
' +<05|089138xlo*41174||363k’+0.16126344x|0*k‘4L43402777x10*k°n#
+ -0. 34541489x10' +0.46090358x10"'k*-0.81380208x10°k*)n’
+0.38907402x10 -o 3477370x|0"’+0 10850094x10 TN
+H -0.64419216x10° +0.14105903x10°k*)n’
. 4+{0.38045247x10°-0.13563368x10°k*)n"-0.91552733x10°n’
+0.67816840x10 " n
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Zoo =~ 0.09999999x10
.o = 0.09999999x10k-0.50000000n |

Eso = 0.62500000k +0.50000000k’ + -0.37500000-0.50000000k )n +0.125000000°
., = -0.09999999x10k*-0.17500000x]0n +0.25000000n°

Tie = 0.54166666k +0.62500000k’ +0.16666666k’
+H -0.35416666-0.68750000k-0.25000000k*)n + 0.18750000 +0 . l2500000k)n
-0.20833333x10'n’

., = 0.25000000k-0.62500000k"-0.50000000k’ +( -0.16875000x10k +0.25000000k*)n
+ 0.10625000x10+0 .12500000k ) n*-0.62500000x10 ' n’®

Evo = 0.53645833k +0.73697916k’ +0.31250000k* +0.41666666x10" k*
T -0.36579166-0.85937500k-0.50000000k*-¢.83333333x10" k*)n
+ 0.24739583 +0.26562500k +0 .62500000x 10" k*)n’
+ -0.46875000x10'-¢.20833323x10 "'k )n’ +0.26041666x10n*

Ei, = 0.23958333k-0.29166666k*-0.62500000k-0.16666666k*
4 -0.52083333x10"'-0.1 1354 166x10k-0.50000000k’ +0 .16666666k*) n
4+ 0.83333333+0.10312500x10k ) n” + -0.31250000-0.41666666x10"k)n*
+0.10416666x10"n'

= -0.89062500k’ +0.25000000k"  -0. 78125000 +0.20000000x10k*) n
+ 0.16718750x10-0.12500000k*)n’-0.53125000n" +0.15625000x10"' n

Z50 = 057135417k +0.87500000k’ +0.46614583k’ +0.10416666k" +0 83333333x10 'y
HD. 408393x4-0 10625000x10k-0.77994791k*-0.21875000Kk*
-0.20833333x10'k*)n
+ 0.31770833+0 43229166k +0.17187500k’ +0.20833333x 10" k*) n
+4{-0.79427083x10"'-0.59895833x10"'k-0.10416666x10"'k*)n’

+ 0.78125000x10° +0.26041666x10%k )n*-0.26041666x10"n°

~ 0.27343749k-0.14062500k°-0.61197916k*-0.31250000k*-0.41666666x10"'k°
+-0.97656248x10'-0.11119791x10k-0.72786458k’ +0 .52083331x10"'k°
+0.62500000x10'k')n
+ 0.83072916+0.14166666x 10k +0.42187500k*-0.20833333x10" k*)n’
+H -0.45182291-0.30468750k-0.10416666x10"'k*)n®
-+ 0.59895833x10"' +0.78125000x10k )n*-0.13020833x10n’

Eo: = 0.65104166x10"k-0. 73437500k°-0.49479166k° +0 20833333k’
+0.83333333x10"'k’
+H 0.12890625-0.11744791x1Ck +0.15078124x10k° 40 93750000&’
-0.41666666x10"k*)n
+ 0.54947916+0 .14843749x 101 $.59375000k°-0.41666666x10"'k’)n’
+ -0.12083333x10-0.24473166k +0.20833333x10"'k*)n®
+ 0.14062500 +0.52083333x 107k )n‘-0.26041566x10°n’
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= 0.63697916k +0.10533419x 10k’ +0.64746094k> +0.18793403k"

+0.26041666x10"'k* +0.138¢8888x10°k"
+H -0.46822916-0 13184027 x104-0.11201172x10k*-0.40928819%>

- 0.67708333x10"'k*-0.41666666x10k*)n

+{ 0.40568576 +0 64093052k +0.33300781k* +0.70312500x10"'k*
+0.52083333x10°k*)n’

+H -0.12141927-0.12000868k-0.36158333x10"'k*-0.34722222x10°k%)
+0.16167534x10" +0.94301041x 107k +0.13020833x10°k*)n*

H -0.97656250x10°-0.26041666x10°k)n’ +0.21 7¢1388x10*n®

0.33489583k-0.12760421x10"'k*-0.59895833k*-0.42447916k'-0.10416666k"
-0.83333235x10°K"

+H -0.15156250-0.126 1 1979x10k-0.98242 1 885°-0.62499997x 10"k’
+0.93749999x10"' k' +0.16666666x10"'k*)n

+H 0.91979166 +0.18203124x10k +6 86393229k* +0.83333333x10"'%’
-0.10416666x10'k*)n’

+H 0.59830729-0.60677083k-0.13541666k*) n’

H 0.12174479+0.58593750x10"k +0.26041666x10°k*)n’

+H -0.84635416x10°-0.10416666x10°k )n’ +0.13020833x10°n°

0.13020832x10'k-0.64778645k"-0.7444661 4k’ +0.65104160x107k'
+0.13020833h° +0.20833333x10"'k* ' i
+{0.13281250-0.73177084k +0.70345052k° +0.13528645x 10k’ +0.23437500k*
-0.20833333x10'k*)n

+0.50716145+0.1530273 ' .10k-0.83007813x10"'k*-0.377604 16k’
-0.52083333x10°k")n’

+H -0.11337890x10-0.11035156x 10k +0.36458333x10"'k* +0.10416666x10"'k*)n’
+ 0.40397135 +0.88867188x10" k-0.13020833x10°k*)n’ _
+ -0.25065104x10'-0.13020833x10°k )n’ +0.32552083x10°n°

-0.78539028k" +0 .46006944k*-0.77777778x10"'k*

+ -0.48437500+0.27981 770x10k*-0.52083333k*)n

+H 0.14027777+10-0.22278645x 10k’ +0.20833333x10"' k") "

+H -0.14804687x10+0.27083333k")n’ + 0.59678819-0.52083333x10°k*) n*
-0.35156250x10'n’ +0.43402778x10°n°

0.73277839k +0.12846570x10k* +0.87345920k" +0.29937065k*
40.55121527x10"'k’ +0.52083333x107k® +0.19841269x10°k’

+H -0.55041077-0.16466471x10k-0.15512261 x10k*-0.67084418k*-0.14778645k"
-0.16145833x10'k>-0.69444443x106°k%) n

+ 0.51830512+0 91026475k +0.56103516k” +0.15809461k* +0.20833333x10"k*
+0.10416666x107°k*)n"
H-0.17667101-0.20762803k-0.84364148x10"'k*-0.14322916x10°'k°
-0.86805555x10°k")n’

+ 0.28700086x10"' +0.22460938x10 'k +0.5533854 1 x 10k’
+0.43402778x10°K* ) n*

+H -0.23871527x10°-0.11393229x107°k-0.13020833x10°k*)n’

+ 0.97656249x10" 4+0.21701388x10 'k )n"-0.15500992x 10" n’
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= 0.42491319k +0.13270400k*-0.58263887k-0.52940538k*-0.17751735k°

©-0.26041666x10 'k*-0.13888888x10°k’

+H 0.22146267-0.15382270x10k-0.13371744x10k*-0.21294488k* +0.11219618k"
+0.40104166x10"k* +0.34722222x10 k%) n

+ 0.10800021x10 +0.23384766x 10}, +0.13933919x10k’ +0.27007379\°
+0.77610213x10'°k*-0.31249999x10°k*) n®

H -0.78080512-0.97878689k-0.352 15481 k’-0.35156250x10"'k
+0.86805555x10°k")n’

+ 0.20079210 +0. l4930555k+0 2% onazqulo k’+0.43402778x10°k*)n*

H 0. 2!755642x10 -0.83007813x0° k 0.39062499x10° k‘)n

+0.94401041x10° +0.1085C594x10°k )n*-0.10850694x10" n

-0.16601565x10'k-0.71250000k” /).94023438k’-0 20800781 k" +0.11588541k°

. 40.46875000x10"'k* +0.41666665x10°k’

+ 0.15107422-0.61458333k +0.57226563k* +0.14643554x 10k’ +0.55013020k*
40.25520833x10"k*-0.62499999x10°k*)n

+(0.56184895 +0.17567708x10k +0.26090495k*-0.50292968Kk*-0.12500600k*"
+0.10416666x107%k" ) n’

+ -0.12462239x10-0.16437174x10k-0.3087 5051 4" +0.63802083x10"'k°
+0.26041666x10°k*)n’

+0.59261068 +0 37565104k +0. 15950520x10 'k*-0.13020833x10°k*) n*
4-(-085474739:(10 -0.18066406x10" k 0.13020833x10 k’)n

- 4{0.33528645x10° +0.19531249x 107k )n*-0.32552083x 10 n’

-0.20616324x1 0"k-0.70486l 10k*-0.38031684k" +0.43803253k* +0.15407985k°
-0.26041666x10'k*-0.69444444x10°k’

+ 0.17290581-0.78949653k +0 23]61349x10k +0.13675673x10k’-0.51453993k*
-0.16406250k° +0 34722222xl0 k)n

HO. 87890624x10 +0. 15«»9392&10& 0. 22153320x10k*-0.94824219k*
+0.10416666k" +0.52083333x10°k’)n’

+ -0.12481266x10-0.10392252x 10k +0. 74560547k" +0.84635416x10"k°
-0.26041666x10°k")n’

+H0.10581055x10+0.24880642k-0.48502604x 10" k*-0.13020833x10*k*)n*

+H -0.16525608-0.10904948x 10"k +0.65104:66x10°k*)n°

+ 0.60221354x107 +0.10850694x10°k )n*-0.54253472x10™*n’

0.86247984k +0.15842676x 10k” +0.11626329x10k* +0 .44837172k*
+0.99121094x10"'k’ +0.12651909x 10" k° +0 .86805555x 10k’
+0.24801587x10°k"

+ -0.65930524-0.20703644x10k-0:21092420x i 0k>-0.10282796x 10k’
-0.27246094k'-0.40277778x10" k°-0.31249999x10°k*-0.99206349x 10"k )n
+ 0.66387454 +0 .12634195x 10k +0.87946641k° +0.29859754k*

+0.53331163x10"k’ +0 .48177082x107k* +0.17361110x10°°k%)n®

+ -0.25014377-0.33263075k-0.16312663k*-0.37597656x10"'k’
-0.41232638x10 °k'-0.17361110x10°k") 0’

+0.46961127x10"' +0.44433594x10"k +0.14885796x10" k> +0.21158854x10°2k>
+0.10850694x10°k*)n’

+ -0.48285589x10°-0.31385633x10°k-0.65104166x10°k’
-0.43402777x10"'k*)n’

+0.27533636x10" +0.11121961x10°k +0.10850694x10*k*)n®

. H -0.81380208x10°-0.15500992x10°k)n’ +0.96881200x10" n®
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=, = 0.55005580k +0. 3209"168]«' 0. ssooozszk -0.63648003k*-0.26334635k°
-0.53038194x10"'k°-0.52083333x10°k"-0. 19841269x16 ®®
H -0.31501116-0.19533481x10L-0 1241 1838¢ 10k*-0 43425021k +0.11545138Kk"
'm 69444443x10 K> +0.11111110x10" k" +0.59523808x10°k ) n
+ 0.13160203x10+0.30317328x10k +0.20819010x 10k’ +0.55292426k"
40.39496528x 10" k*-0.54687501 x10°k>-0.69444443x 10"°k®) n?
+ -0.10192437x10-0.14629503x10k-0.67887370k"-0.12033420k’
-0.52083333110°k" +0.34722222x107k*)n’
+ 030529513 +0 28879123k +0.84174262x10"' k* +0.77039930x10"2k*) n*
+ 0.42778862x10"'-0.25428602x10"'k-0.39062500x 10°k*
-0.86805554x10'k*)n’
44 0.29025607x107 +0.92773437x10°k +0.43402777x10" k) n®
+H -.86805554x10*-0.93005951x10°k n’ +0.77504960x10°n"

nh

Zo: = -0.39863454x10'k-0.84200305k*-0.12016547x10k*-0.43875597k*
+0.62174477x107K* +0.65190971x 10 Kk° +0.12152778x107"'k°
+0.69444343x107'k"

+H 0.1 7805989-_0.59287 108k +0.56983508k> +0. l6756_564x 10k° +0.84852431k"
+0.12500000k*-0.41666666x10°k"-0.13888888x10°k )n

+ 0.67081163 40.21424750x10k +0.621 11003k>-0.57284954k>-0.27148437k*
-0.26302083x10"k* +0.69444443x10° k") n’

+ -0.14719835x10-0.22597819x10k-0.74169923k* +0.33528645x10"'k*
+0.26909722x10"'k* +0 .34722222x107°k")n’

+H 0.80937771 40.73426649k +0.14005534k’-0.42317708x10°K’
-0.43402778x10°k*)n*

+{-0.16509331-0. sousuzxm 'v-0. 520833337(!0 ’k* +0.86805554x 10 k’)n
+0.13210720x17" +0.25987413x10°k +0.43402777x107k*)n®

+H -0.35807291x10°-0.21 701386x 10 k)n’ +0.27126735x10°n'

ak

53 = -0.98480903x10'k-0 72012804k"-0.59424371k" +0.30939670k* +0.26920573\°
+0.14149305x10"' k®-0.12152778x10"'k-0.13888888x102k*
+0.21861979-0.28324652k +0.17904893x 10k’ +0.20645562x 10k*
-0.73784721x10"'k*-0.29722222%°-0.33333333x 10"k +0.1 3888888x10°k ) n
4 0.30707454x10° 40.11712077x10k-0.15194010x10k*-0.17073838x10L°
-0.12282986k’ +0.49739583x10"k’ +6.69444443x10°k")n’

H -0.11717284x10-0.16695692x 10k +0.59554036k” +0.44433594 k>
+0.52083333x107°k"-0.10416666x10°k*)n’
+0.12151910x10 +0.86322699k-0.84174262x10"'k*-0.23111979x10"'k*)n*
H 0.37345377-0.97759331x10"'k +0.39062500x 107k’ +0.26041666x10°k*) n’
+H 0.31125217x10" 40.28591579x10°k-0.43402777x10" k") n®
H -0.78124999x10°-0.21701388x10 "k )n' +0.54253472x10°n
vy = -0.68611653k" +0.63493517k'-0.77907985x 10" k* +0.17361 110x19°k°
+H -0.36035156 +0 .:naozozsx|0k’-0.|2354600xlok-‘+0.s902777sx|o“k°)n
+ 0.10889485x10-0. 41‘)615‘*3x|0k”+0 60297309k*-0. 1736[!10x10"k°)n2
+{-0.16460232x10 40. I9"63|8‘3x|0k -0. 495729!6“0 k‘
+ 0.1369961 [ x10-0.30988227k" +0.63104166x10° *k*)n*
+ -0.19262153+0.11718750x10"'k*)n’
H0.41063441x10"-0.10850694x 107 k*)n°-0.10036892x102n’
+0.67816840x10°n"
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= 0.10329466x10k +0.19720044x10k” +0.15375723x10k* 50 .64850803k"

40.16339269k° +0.25358073x 10" k* +0.23799189x 10k’ +0.12400793x10°k*
40.27357319x10°k’

+( -0.80125679-0.26190402x10k-0.28394803x10k*-0.15162732x 10k’
-0.45855453k"-0. 82535807x10 'k°-0.87 709779x10°2k%-0.50843254x10°k’
-0.12400793x10°k")n

+ 0.85298239 +0.17303805x 10k +7.13214056x10k* +0.51 280200k’ +0.11166721k"
+0.13834635x10"k’* +0 .91145833x10°k* +0.24801587x10*k’) 0’

H -0.34838222-0.50899386k-D.28571890k*-0.80396863x10 'k’
0.12107566x10"'k*-0.93315972x10°k’-¢.28935185x10°*k*)n’

+ 0.73151313x10" +0.79335077x10"k +0.32491048x10"' k* +0 434991 68x10°k’
+0.59678218x10°k" +0 .21701388x10°k*)n’

+ -0.87844282x10-0.65892035x107°%-0.19958495x10°k’
-0.24414063x10°k*-0.10850694x10*k") n’

4+ 0.62527126x10° +0.34812644x107k +0.62391493x10°k*
+0.36168981x10°k*)n’

+ 0.25996455x10*-0.91068327x10°k-0.77504960x10°k* ) n’

+ 0.58128719x10° +0.96881200x10 " k)n"-0.53822888x10°n’
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